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PREFACE 

This book is designed for the use of beginners in the study 
of Trigonometry. 

In Bcope^ it presents the common and most essential ele- 
ments. The author's aim has been to meet the wants of those 
schools and colleges which, on account of the multiplicity of 
subjects demanding the attention of the student, or for other 
causes, have the time or desire to teach only the leading prin- 
ciples of Trigonometry, — principles which are essential to 
the student's progress in higher mathematics, and on which 
the practical applications of the subject mainly depend. 

In treatment^ the endeavor has been to prepare a well- 
graded text-book at once simple, practical, thorough, and as 
full in details as is consistent with the plan of the work. 
In deducing and exemplifying principles the author has kept 
steadily in view the mental training of the student, as well as 
his advancement in the art of trigonometric computations. 
Several new features will be found, notably the " Trigonometric 
Circle " (Art. 23), and the introduction of the terms opposite^ 
adjacent^ and like functions (Arts. 18, 20, 25), which it is 
thought will serve to crystallize the student's ideas of the 
functions and their relations. 

A few of the answers to examples and problems are with- 
held from each exercise. It is thought that the omissions may 
make the student more attentive to the principles upon which 
the solutions are based, and the checks by which the results 
are verified. The answers to the required angles are usually 
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given to the nearest minute, which is suflBciently accurate for 
all ordinary practical purposes, and prevents the waste of time 
and labor in making closer determinations. 

The logarithmic and trigonometric tables arranged specially 
for this work are based on the five-figure tables of Gauss, 
which have been modified to secure the convenience of com- 
pactness. 

In preparing the book the author has consulted the best 
authorities both American and European. Some of the exam- 
ples he has taken from these sources. 

To his colleagues, Professors W. D. Taylor and T. W. 
Atkinson, who have rendered much assistance in reading proof- 
sheets, he wishes to express his grateful acknowledgments. 
With their help he has hoped to eliminate all accidental 
errors ; if any have been overlooked, he asks that those finding 
them will have the kindness to send him word. 

Baton Rouge, La. 
April 18, 1898. 
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Part Ojs'e 
PLAIS^E TRIGOIS^OMETRY 

CHAPTER I 
ACUTE ANGLES 

MEASUREMENT 

1. Trigonometry treats of the measurement and properties of 
angles and triangles. 

Plane figures only are considered in Plane Trigonometry. 

2. To measure a quantity is to find how many times it contains 
a known quantity of the same kind, called the Unit of Measure. 

The object of measuring a quantity is to determine its size or 
value. Trigonometry treats largely of measuring, or finding the 
sizes of, angles and lines by means of the relations they sustain to 
other known angles and lines. 

3. The Size or Value of a quantity is expressed by prefixing to 
the name of the unit of measure the number which shows how many 
times that unit is contained in the quantity. As, 8 in., 10 ft. 

4. In Degree-Measure of angles the unit of measure is ^ of a 
right angle called a degree ( ° ) ; the degree is divided into 60 equal 
parts called minutes ( ' ), and the minute is divided into 60 equal 
parts called seconds ( '' ). 

Thus, the angle which is ^ of a right angle is written ■^°, 5f ° 
or 5.625^ 5° 37^' or 5° 37.5', or 5° 37' 30". 

5. The Relative Values of two or more quantities are the num- 
bers which show how many times they contain a common measure. 

Thus, if the value of the line AB is m inches, and that of the 
line CD is n inches, the relative values of AB and CD are the pure 

numbers m and n, or — and 1, CD being the unit of measure, 
n 
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In general, mathematics treats only of the relative values of 
quantities, but in speaking of them the term " relative " is usually 
omitted. Thus, we say the values of the lines AB and CD are m 
and n. 

Hence, in general, when letters are employed to represent the 
magnitudes of quantities, they stand for the relative, and not the 
concrete, values of the quantities; and, conversely, when lines 
are used to represent numbers, only the relative lengths of the 
lines are to be considered. 

6. Two quantities are commensurable if there is a third quantity 
which is contained a whole number of times in each. The third 
quantity is called the common measure. 

The ratio of any two commensurable quantities is equal to some 
simple common fraction, proper or improper. 

For, let the lines AB and CD. 
A B Fig. 1, represent the quantities, 

and suppose the common meas- 

»; + ji ure, say GE, to be contained 

FiQ. 1. in AB m times and in CD n 

times, then 

AB = mxCE and CD = nx CE. 
.-. — — = — , where m and n are integers. 

Regarding CD as the unit, the value of AB is — > — a simple frac- 
tion showing the part which AB is of CD. ^ 

7. Two quantities are incommensurable if there is no third quan- 
tity which is contained a whole number of times in each. 

There is no simple fraction equal to the ratio of two incommensurable 
quantities, but by taking the terms of the fraction sufficiently large there 
exists some simple fraction which comes as near to the ratio as we please. 

For, let the lines AB and CD, 
j[ p g Fig. 2, represent the quantities. 

Divide CD into n parts, each equal 

I 1 1 to CE, say ; then, CD = nx CE, 

jijQ 2. Since AB and CD are incom- 

mensurable, CE is not contained 
in AB a whole number of times ; let us suppose AB contains CE m 
times with a remainder FB less than CE, Then 

AB = mxCE-\-FB. 
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"CD nxCE n'^n CE 

Since g|<l, -x^<-^ 

CE n CE n 

AB ml 
"CD n n 

That is, the difference between the ratio AB : CD and the simple 

fraction — is less than — Therefore, the larger n is, the smaller is 
n n 

the difference between the ratio and the fraction ; and since n may 

be as large as we please, the fraction may come as near to the ratio 

as we please. 

If CD is considered the unit, the approximate value of AB is — ; 

n 

which evidently differs from the true value of AB by a fraction less 

than -. In Trigonometry the approximate values only of the re- 
n 

quired quantities can, in general, be found, but these may be deter- 
mined to any desired degree of accuracy. 



TRIGONOMETRIC FUNCTIONS 

8. Let XOE{=u), Fig. 3, be any angle.* From any point in 
either side, as P, draw PB perpendicular to the other side (produced 
if necessary), forming the 
right triangle OBP. -^ 

The relative lengths of P> 

the sides OB, BP, OP 
evidently depend on the 
size of the Z u ; that is, 
any change in the value 
of u prodttces a change in 
the valtie of ea^h of the 
six ratios: 

BP OB 

op' op' 




Fig. 3. 



BP 

ob' 



OB 
BP' 



OP 

oS 



OP 
BP 



For this reason these ratios are called Trigonometric Functions t of 
the angle u. 



* The angle u is supposed at present to be acute. 

t For brevity, Trigonometric Functions are called simply Functions, when 
they are the only kind of functions considered. 
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9. Names and Notation. For convenienee all these functions have 
been named. Representing the hypotenuse (hype,), OP, by r, the 
base or leg adjacent to u, OB, by x, and the perpendicular (perp,) or 
leg opposite to u, BP, by y, the names, values, and notation of the 
functions are as follows : 



Namb. 


Function. 


sine of u • • 


BP 
OP 


or 


perp 
hype 


cosine of u - • 


OB 
OP 


or 


base 
hype 


tangent of u 


BP 
OB 


or 


perp. 
base 


cotangent of u • 


OB 
BP 


or 


base 
perp 


secant of u * • 


OP 
OB 


or 


hype 
base 


cosecant of u • 


OP 
BP 


or 


hype 
perp 



Notation. 



V 



X 

C08 w = — 
r 



tan u = -^^ 

X 



COtU=i^> 



sec M = -. 



C8C w = -• 



These names and values should be committed thoroughly to 

11 X 

memory. The expressions sin w = ^ cos w = -, etc., may be read : 



sin u = the perpendicular divided by the hypotenuse, 
COS u = the base divided by the hypotenuse, 
tan u = the perpendicular divided by the base, 
cot u = the base divided by the perpendicular, 
sec u = the hypotenuse divided by the base, 
CSC u = the hypotenuse divided by the perpendicular ; 
sin u = the ratio of the opposite leg to the hypote:iiuse, 
cosu = the ratio of the adjacent leg to the hypotenuse, 
tanu=: the ratio of the opposite leg to the adjacent leg, 
etc. etc. etc. 



or thus 
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10. It is important to observe that the functions of any particular 
angle have always the same values ^ 

wherever the perpendicular con- p^ 

necting the two sides may be 
drawn. 

Eor, let P, P', Fig. 4, be any two 
points in the side OE, and P" any 
point in the side 0X\ draw PJB, 
P'JB' ± OX and P"JB" ± OJS?. 
Then, since the A OJBP, OJB'P', 
OB"P'^ are similar, we have 




^ ^ OP OP' ' 



OP'' 
OB" 



^ ^ OP OP' OP"' 

etc. 



BP B'P' B"P" 

. sin w = — — , or -— — -, or -- — - ; 
OP' OP' ' OP" ' 

OB OB' OB" 
cos u = — —, or — -— , or -^-—7 ; 
OP OP' OP" 

etc. 



Hence the functions depend only upon the size of the angle u. 
When their values are known, the angle, when acute, is known, 
precisely as if the number of degrees which it contains were known. 

11. Versedsine and Coversedsine. Besides the six functions hereto- 
fore noticed there are two others called versedsine (ver«) and coversed- 
sine (covers), which are defined by the following equations : 

vers u = 1 —cosUf covers u=:l — sin u. 

As these are of less importance than the others, and as they may 
be readily found from the cosine and sine, they are omitted in all 
that follows. 



12. Indactive Exercises. 1. Which of the functions of u is - ? Ans, cot. 

y 
X y y r r 
Which one is-? ^? ^? -? -? 
r X r X y 

2. How many of the functions involve y ? How many x? r? 

3. Which two do not involve x ? Ana. sin, esc. Which two do not involve 
y? r? 

4. Which two functions of u have y for a denominator ? Ana. cot, esc. 
Which two have x? r? 

6. Which two functions of u have r for a numerator ? Ana. sec, esc. Which 
two have x? y? 

What does this show ? Ans, That cos u is the 



X T 

6. Is - the reciprocal of - ? 
r X 



y« 



What is the reciprocal of -? What does 



reciprocal of sec u, and vice neraa. 

this show ? Name two other functions that are the reciprocals of each other. 
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y *■ 

7. Which is the largest, ac, y, or r ? Why ? Which is the larger, - or - ? 
What does this show ? Ana, sec u > tan u. Which is the larger, - or - ? What 

y y 

does this show ? 

8. Which is the smaller, cos u or cot u ? Why ? Ans. Because cos m = - 



and cot u -. 




-, and - < — Which is the smaller, sin u or tan u ? Why ? 



9. Which is the smaller, (1) sin ti or 1 ? Why? 
(2) cos u or 1 ? Why ? (3) sec u or 1 ? Why ? 
(4) CSC w or 1 ? Why ? 

Let us conceive the angle AiOP* (=«')» Fig. 5, to 
be generated by the line OP{=r) rotating about O, 
as a pivot, from OAi{=r) to OP*{=:r). Draw 
PB(=y) and P'B'{=y') ± OAi, and let x = OB, 
x' = OB', and u^AiOP. 

Then, as OP rotates from 0A\ towards OP*, the 
point P moves along the arc towards P', and the point 
jB, keeping directly under P, moves towards J5'. That 
is, as u approaches u\ y approaches 2^', and x approaches x'. 

10. As u increases or approaches u\ will y increase or decrease ? 
about X ? r ? How about 



QU u B X 
Fig. 5. 



B ^^ 



How 









? tan 



"(=i) 
•(=,') 



Which three of the functions increase ? Which three decrease ? 

11. When M = 45°, Fig. 6, are y and x equal ? Why ? ^/i«. When w = 45°, 
V = 45^ .-. x = y. Are sin 45° f = ^ j and cos 45° f = - j equal ? tan 45° and 
cot 45° ? sec 45° and esc 46° ? Show that tan 45° = 1 . 

12. When « < 45°, which is the larger, xory? Why ? 
A718. u + v = 90°, . •. when u < 45°, v > 45° ; hence t? > m, 
.-. x>y. When m<45°, which is the larger, sinw or 
cos u ? tan w or cot u ? sec u or esc w ? 

13. When u > 45°, which is the larger, x or 2^ ? Why ? 
sin u or cos u ? Why ? tan u or cot w ? Why ? sec m or 
cscw? Why? 

14. For any value of u between 0° and 90°, show that (l)sinM and cosm 
are proper fractions ; (2) sec u and esc u are improper fractions ; (3) tan u and 
cot u may be proper or improper fractions. 

13. Inverse Trigonometric Functions. It is often convenient to 
designate an angle by the size of one of its functions. Thus, we may 
wish to express that a certain angle is one whose sine is -, which is 
done thus, sin"^ -. This determines the angle (if acute) as much as 
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to say, it is an angle of 30®. The expression sin"* - is read " inverse 

sine-" or "anti-sine-," or "the angle whose sine is ~." 

Similarly, cos"' a? is read "inverse cosine a;" or "anti-cosine re," 
or "the angle whose cosine is a;." These and similar expressions, 
like tan"* a;, sec~* y, etc., are the inverse trigonometric functions. 



14. To construct an angle when one of its functions is given. 

2 2 

(1) Given sin w=- or M=sin"*-; construct u. 

Since sinM = ^, - = -, hence (Art. 10), we 
r r 3 

construct a right A, Fig. 7, whose perp is 2 and 

whose hype is 3, and the Z at the base is u, 

(2) Given u = sec"* 3 ; construct u. 

Q 

The secant 3 may be written -, and since 

r r 3 

sec w = -, - = -, hence we construct a right A, 

XXI 

Fig. 8, whose hype is 3 and whose base is 1, and 
the Z at the base is u. 




Fig. 7. 




15. Exercise I. 








^-4 


i 1 




Construct the following : 








Fig. 8. 


Q 

1. tan"* -; that is, an 
8 


angle whose 


tangent 


"1- 






2. cot-*i. 
4 


.. .i.-.i. 






10. 


CSC"*? 

4 


3. cos-*|. 


7. cos-*-* 






11. 


sin-*| 
5 


4. tan-* 10. 


8. cot-*l. 






12. 


cot-.| 


6. CSC"* 5. 


9. sec-*|. 
3 






13. 


sec->|. 


Show that the following 


are impossible angles : 








14. 8in-| 


16. cos-* 2. 


- 


18. 


sin" 


-il + n' 
2n 


16. csc-*|. 
5 


17. sec-* 5. 
4 




19. 


sec" 


il- 

1-t 
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16. To find the other functions of an angle when any one function is 
given. 

(1) Given sin u = — ; find the other five functions of u. 

Since sin m = ^, we make y = 5 and r = 13, and then find x thus : 
r 

a? = Vr^^2^V169-25 = Vl44 = 12. 

Then, by the definitions, 

12 5 12 13 13 
cos w = —-, tan u = --, cot w = -— , sec w = --, esc u = -— • 

13 12 o IJ 5 

Q 

(2) Given tan u = — ; find the other functions of u. 

Since tan w = ^, we make y = 8, x = 16, and then find r thus : 



r == V^T? = V225T64 = a/289 == 17. 
.-. sinw = — , cosw=— , cotw=— , secM=— , cscw = — • 

(3) Given sec u = V5 ; find the other functions of u. 

Here we have r = V5, a; = 1, y=z -y/r^ — x^ = V5 — 1 = 2. 

2 2V5 1 V5 ^ o i. 

.-. sinw = — = ^— , costt = — ^ = -1— , tanw = 2, etc. 

17. Exercise II. 

In the following, find the remaining functions : 



1. 


4 

sm w = -. 
5 


6. 


tan u = V3- 


9. 


cot45^ = l. 


2. 


sin«=g. 


6. 


cosw = 

Vl3 


10. 


cos. = |. 


3. 


CSC tt = 7. 


7. 


secw = -— • 
40 


11. 


1— n^ 


4. 


tan« = l. 


8. 


sin30'» = ^. 
2 


12. 


a2 + 62 



9 9 

13. Find cos sin~^-— ; that is, the cos of an angle whose sin is — 
41 41 

Since sin = ^, we make y = 9, r=41, then x = V412 — 9^ = 40, 
r 

and cos = - = -—, Ans. 
r 41 
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In a similar manner find the following : 



14. 


tancos~^-« 
5 


17. sinsec~^2. 


20. 


sinsin-^a. 


15. 


sec cot-' ||. 


Q 

18. cotcsc"^-. 
3 


21. 


tan tan~^ a. 


16. 


sintan-i??. 
21 


19. costan-^V8. 


22. 


csccot-^^'' . 
1 —n^ 


Jmo 


1 /»r.o •, _ 3 A.„ 


4 _,,._3 _. 


. 6 


.„... 6 o ..„ 



% etc. 3. sin m = i, tan u = ^, cot u = 4\/3, cosu = t^, sec m = ^. 
61 7 12 7 12 

5. sin u = — -, cos w = -, etc. 6. sin u = , etc. 11. cot w = , 

2 2 13 ■ 2 71 

sin u = -12^, cosie = 1^, sect* = 1±4, cscu = i±2»?. 14. ?• 16. ?5. 
l-f-n2' l + n2 1-na 2n 4 16 

18. 41. 20. a. 22. i±^^ 
3 1 - n2 



FUNDAMENTAL FORMULAS 

18. Opposite Functions are any two functions of which the numera- 
tor of either is the denominator of the other. 

The following are the opposite functions : 

(1) (2) (3) 

- and -, - and -, - and -, 

r y X 'if r X 

sin and esc. tan and cot. cos and sec. 

19. Principles. I. The product of two opposite functions is equal 
tol. 

For, ix-=l, ^x- = l, -x-=l. 

r y X y r X 

.-. sincsc = l . . . [1], tan cot = 1 . . . [2], cos sec = 1 . . . [3] 

II. CoR. Any function is the reciprocal of its opposite function, 

sin = — . . . (a) cot = — . . . (d) 

CSC tan 

. . . (e) 



CSC = ^ . . 

sin 


• Q>) 


cos = — 
sec 


tan= ^ . . 
cot 


■ (0) 


sec = — 
cos 
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20. Adjacent Functions are any two functions having the same 
numerator or denominator. 

Any two of the following functions which stand next to each other 
are adjacent functions : 

yxxrryyx. 
rryyxxrr 

or sin, cos, cot, esc, sec, tan, sin, cos, etc (a) 

Let it be noticed (1) that each function has two adjacent functions, 
the one before and the other after it, the three being consecutive 
functions ; and (2) that the series repeats itself after the sixth term. 

ZL Principles. I. Any function is equal to the product of its two 
adjojcent functions, 

-c, X y X X X r ^ 

For, - = i X -»• - =- X -, etc. 

r r y y r y' 

.'. cos = sin cot . . . [4] sec = esc tan . . . . [7] 

cot = cos CSC . . . [5] tan = sec sin . . . . [8] 

CSC = cot sec . . . [6] sin = tan cos . . [9] 

II. Cor. Of any three consecutive functions the first is equal to the 
second divided by the third. 

„• cos _„ tan / V tan esc / --x 

sm = -— or — . . (a) sec = -7- or — . . (d) 

cot sec sm cot 

^»«« sec ^^ cot /, V , CSC cos / v 

esc = - — or — . , (b) cot = — or -r- . . (e) 

tan cos sec sm 

cos = 52tor^ . . (c) tan = ?iHor??^ . . (/) 

CSC tan ^ ^ cos esc ^ 

22. Since r, y, x, may be written ^, |, ^ the following may be 
treated as adjacent functions : 111 

y y x X 



(1) -7 T9 :r> -, or tan u, y, ic, cot « (a) 

X L L y 

/o\ X X r r ... 

C-^) -> rj T, -, or cos w, ic, r, sec w (b) 

r 1 1 a; ^ ^ 

(3) -? f > T> -y or sin m, 2/, r, esc % (c) 

r jl L y 

.-. y = a? tan w . . . {d) r = a? sec w . . . . {g) 

x=:y cotu . . . (e) y = r sin u . . . . (h) 

aj = r cos w . . . (/) r = y csgu , . . . (f) 
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11 



These formulas may be derived thus : 

-=tanw, .-. y = ajtanw: ~ = cotw, .-. a? = ycotw; etc. 
X y 



Cscit 




Sinu 



as. The Trigonometric Circle.* This is a mechanical device by 
which all the preceding formulas may be readily produced and 
easily memorized. 

Describe a oirde and complete the figure as shown below. Let 
the six functions of u and 

the three sides of the right ®^ ''^^ ^^^ '^*'' "* 

triangle (a;, y, r) be called 
parts, making nine parts 
in all. 

Now, let it be noticed 
that (1) the functions are 
placed around the circle in 
the order of (a), Art. 20; 
(2) the functions at the ex- 
tremities of any chord are 
opposite functions, and (3) 
the parts along the chords 
are, respectively, the same 
as (a), (6), (c). Art. 22. That is, the opposite functions (Art. 18) 
are those which stand opposite to each other, and the adjacent func- 
tions (Art. 20) are those which stand adjacent to each other, whether 
taken along an arc or chord. Hence we have 

I. Any part is equal to the product of its adjacent parts. 
As tan u = sec w sin w, y = a; tan u, a = r cos u, etc. 

II. Of any three consecutive parts, the first is equal to the second 
divided by the third, 

A CSC u • cos u r i_ 
• As secw = ^^^^^, sinM = ^^^^^— , t/ = , etc. 

cot U cot U CSC u 

' III. Any part is equal to the reciprocal of its opposite part. 

As sin u = , cot u = , sec u = • 

CSC u tan u cos u 



Cot u Cos u 

Fig. 8 a. 



* This mnemonic device was invented by the author in 1868, and has been 
used by him in class work ever since. 
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24. Oral Exercise. These questions are intended to be answered by means 
of the Trigonometric Circle. The student should commit the circle and the 
rules to memory. 

1. Express cos (1) in terms of sin and cot (by I, cos = sin x cot); (2) in 
terms of sin and tan (by II, cos = sin -^ tan); (3) in terms of cot and esc ; 
(4) of base (or x) and hype (or r) ; (6) of sec (by III, cos = 1 -»- sec). 

2. Express esc in terms of (1) sec and tan ; (2) cot and cos ; (3) hype and 
perp ; (4) sec and cot ; (6) sin. 

3. In a similar manner express the value (1) of tan in ^ye dififerent ways ; 
(2) of sin ; (3) sec ; (4) cot. 

4. What is the value of y or perp in terms (1) of x or base and tan u (use I) ; 
(2) of r and sin u ; (3) of x and cot u (use II); (4) of r and esc ti. 

6. In a similar manner express the value (1) of y in four different ways ; 
(2) of X. 

6. What function is the same as 
(1) tan cos? (2) tan esc? (3) sec sin? (4) sec cot? (6) sin cot? 

(6) ^? (7) ^? (8) ^? (9) ^? (10) ^? 

sec cos sec sm sm 

(11)52^? (12) i? (13)—? (14)—? (15) — - — ? 

CSC tan cos esc cos esc 

25. Like Functions are those which have the same denominator. 
The like functions are 

(1) (2) (3) 

» and ?, y and T, ? and I, 

r r XX y y 

sin and cos. tan and sec. cot and esc. 

26. Principle. Any two like functions and 1 are relatively the three 

sides of a right triangle. 

For, by Geometry, 

/ + jr2 = r2 [-;tQ-| 

poj^-- ^.?=.,«(Dv(?)'=t. 

PC] W, g.l = J „ (|)V. = @'. 

P03.., ..^.^„..@'.gj. 

Substituting sinw for ?l, cos it for -, etc., and denoting (sini^y by 
r r 

sin* Uy (cos uf by cos* w, etc., we have 
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sin^if -fees' i# = l [11] 

tan*i# + l = 8ec2|# [12] 

1 + COt'lf = C8C^I# ........ [13] 

From [11], sin u = Vl — cos- a, cos u = Vl — siii^u ... (a) 

From [12], tan w = Vsec* w — 1, sec u = Vtan^ w -f- 1 ... (b) 

From [13], cot u = Vcsc^ w — 1, esc u = Vcot* w -|- 1 ... (c) 

By (a), we can find the sin (or cos) when the cos (or sin) is known ; 
by (6), we can find the tan (or sec) when the sec (or tan) is known ; 
by (c), we can find the cot (or esc) when the esc (or cot) is known. 

Thus, if sm«=|, cos«=-^l-gJ=^jriI =-J| =iV3; 



FUNCTIONS OF CERTAIN ANGLES 

27. Functions of the Complement of an Angle. In Fig. 3 let 

V = OPB, then v is the complement of u ; that is, w -f v = 90°, or 

V = 90'' — u. The functions (1) sin and cos, (2) tan and cot, (3) sec 
and CSC are called Co-Functions. 

With respect to v, OB or x is the perpendicular or opposite leg 
and PB is the base or adjacent leg. Hence, by Art. 9, 

OB BP 

sin V = -7-- (= cos u), cot v = — - (= tan u), 

OP ^ OB^ ^' 

BP OP 

cos V = — - (= sin u), sec v = — — (= esc u\ 

tan V = -— - (= cot w), CSC v = — - (= sec w). 

BP^ ^ OB^ ^ 

.-. sin (90° — ?*) = cos w . . (a) cot (90° - m) = tan w . . ((f) 
cos (90° — w) = sin tt . . (6) sec (90° — m) = esc w . . (e) 
tan(90° - w) = cot u . . (c) esc (90° - w) = secu . . (/) 



14 
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Therefore, 

I. Any function of an acute angle is equal to the oof unction of the 
complementary angle. 

II. If a function of one acute angle is equal to the co-function of 
another acute angle, the sum of the two angles is 90^ 

Thus, by I, sin 70* = cos 20% cot 85* 10' = tan 4* 50' ; 

by II, if sin^ = cosJB, or csc^ = secJ9, -4 + J5 = 90°. 



28L Functions of 45*. 

In Fig. 9, let JBOP=45*. Take OJB= 1, and draw BP± OB, 



The n v = 45% and therefore BP=0B=1, and OP=^^Off + BF^ 
== vTTl = V2. Then, Art. 9, 

sin45* = — or4V2; cot45* = i orl: 

V2 ^ 1 

^ cos46* = -4:oriV2; sec 45* = ^ or V2 ; 




tan45* = i orl; 



CSC 45* = ^ or V2. 



29. Functions of 30* and 60*. 

Let ABD, Fig. 10, be an equilateral A having each side equal to 2. 
Each angle will be 60*. 

Draw AC ± BD, then JBC= i^Z) = 1, and Z CAB = 30* ; also, 
AC = ^Aff-iuf = vT^ = V3. Then, by Art. 9, 



sin 30* or cos 60* = i ; 




cos 30* or sin 60* = 



2 ' 



Fig. 10. 



tan30* or cot 60* = — or 4V3 ; 

V3 ^ 

cot 30* or tan 60* =V3; 

sec 30* or esc 60* = — or | V3 ; 
V3 

CSC 30* or sec 60* = 2. 
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MISCELLANEOUS EXERCISES 
30. Exercise III. 

1 . Prove tan u cos u esc « = 1. 

Note. — It is sufficient to show that the two members are the same. 

y X T 

1st Proof. Substitute - for tan u, - for cos w, - for esc u, 
•^ X ' r ' y ' 

V a? r ^ ^ -, 
^X- X- = l, orl = l. 
X r y 

2d Proof. By [9], tan m cos w = sin w, and by [1], sin w esc w = 1. 
In like manner prove the following : 

2. sinttcotwsecM = l. 3. 9ec*w-|-csc*w = (secwcscw)'. 

Ist Proof ^ + ^ = ;^ OTT^f -^r^a? = r*, or f-\-o^= T^y 017^=7^. 

2d Proof [12] X esc* u, esc* u -\- tan* u esc* u = sec* u esc* u ; 
and by [7], esc* u + sec* u = (sec u esc w)*. 

4 . cot* u = cos* u -|- (cot M cos uy. 

5 . tan* M = sin* u + (tan u sin w)*. 

6. tanwsinttCosw-|-sinwcoswcotw = l. 

7. sec tt tan w sin tt -H 1 = CSC w sec w tan w. 

8. (sec u -H CSC u) (1 — cot u) = (sec w — esc u) (1 4- cot u). 

9. sin*w tan u + cos*tt cot « + 2 sin w cos u = tan w + cot w. 
10. Given 4 sin « = 3 cos u ; find u. 

Divide by 4 cos w, ^^5-^=-, or tantt = -. .-. w = tan"* — 
costt 4 4 4 

In like manner find u in the following : 

11. 5sinw = 3tantt. 14. 9cottt = 5cscw. 

12. 7tantt = 5secw. 15. ^secw = fcscw. 

13. 10 cos M = 3 cot u. 16. 1^ sec M = ^ tan w. 

17. Given sin (60° + u) = cos (80° - 6 w) ; find u. 

By Art. 27, 60° + w + 80° - 6 w = 90°, whence u = 10°. 

18. If tan u = cot (75° + 4 «), what is the value of m ? 

19. If CSC (20° - 8 w) = sec (55° + 3 w), what is the value of w ? 
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20. If cot u = tan 7 u, what is the value of u ? 

21. If sin 3 w = cos (6 u — 30°), what is the value of u ? 

Express the following as functions of an angle less than 45° : 

22. tan 72°. 23. sin 64° 18'. 24. cos 81° 34' 26". 

25. Given sinw = j; express the other functions in terms of s. 

By Art. 16, we construct a right A whose hype is 1, perp «, and 

base Vl — «* ; then cos u = VI — s*, tan w = — , etc. 

Vl — «* 

26. Given cos u = C', express the other functions in terms of c. 

27. Given tan w = i ; express the other functions in terms of t 

28. Given sec m = sec ; express the other functions in terms of sec. 

29. Given esc u = esc ; express the other functions in terms of esc. 

Reduce the first member to the second in the following equations : 

30 . tan u sin u cot^ u = cos u, 

tan u sin u cot' u = (tan w cot w ) (sin u cot u) = cos w, by [2] , [4]. 

31 . (sin u 4- cos u) (tan u + cot u) = sec u -\- esc u. 



, v/smw , cosu\ sin'w 
\cosw smt^y cosu 



(smu 4- costt) h — — = h cosM + smw + 



cos'u 
sinw 

__ (sin^ u + cos' u) sin u -f (sin' tt -f cos' u) cos u 
sin ?fc cosu 



.8in« + cos«^y [11]), =^_4- 1 



Sin w cos w cos 16 sinw 

= secu 4- cscw, by (6), (/), Art. 19. 

32. 1^^2?i^=(csct.~cotu)'. 33. *-5E^i±^5H^=tani.tan^. 
1 + cosw cotw-fcotv 

34. (sin 1^ cos v + cos u sin -v)' -|- (cos w cos v — sin u sin v)' = 1. 

35. (sin w cos V — cos u sin vy -f (cos w cos v -f sin u sin -y)' = 1. 

36. (x cosu — y sin uy + (a; sin w -f 2/ cos %)' = o^ 4- 2/'. 

Q O o Q 

Answers : 11. cos w = -, or m = cos-i -• 13. u = sin"i — . 15. u = tan-i -. 
6 6 10 8 

18. u=3 °. 20 . M=11J°. 22. cotlS^ 24. sin 8° 25' 34". 26. 8mu=Vr^^, 

.VT3^ _ c ___1 __._ 1 



tanu= , cotM= — , secw=-, c8Cm=— —= 28. tanM= Vsec^— 1, 

c Vl-c2 c vTT^ 

8inu= ^^^^^~\ C08M = — , COtU= —^ , C8CM= — -ggg 

sec sec Vsec* — 1 Vsec^ - 1 



CHAPTER II 



RIGHT TRIANGLES 



NATURAL FUNCTIONS 



31. The functions of angles are usually called Natural Functions 
to distinguish them from the logarithms of the functions, which are 
called Logarithmic Functions. 

The natural functions of certain angles have been found, Arts. 28, 
29, which, as a rule, are expressed by means of radicals, but the 
number of angles whose functions can be determined in this manner 
is comparatively very small. 

In general, the sides OP, OB, and BP, Fig. 3, are incommen- 
surable; and, therefore, there are no simple fractions which are 
exactly equal to the functions, but we may find fractions which come 
as near to the functions as we please (Art. 7). 

32. Roughly, the approximate values of the functions of any given angle, as 
34° 40', may be found thus : 

With a protractor lay off the angle XOE = 34° 40'. Take any distance . 
0P(= 10 in., say), the greater the better, and di-aw PB ± OX Then measure 
carefully OB and 5P, and it will be found that E 

OB = 8.2 in. and BP =6.7 in., nearly. 



Therefore, roughly, 



5.7 



sin 34° 40' =^ = .57, 
10 

co8 34°40'=?| = .82, 

tan34°40' = — = .69, 
8.2 

cot 34° 40' = — = 1.44, 
6.7 

8ec34°40'= — = 1.22, 
8.2 




Fig. 11. 



CSC 34° 40' = 



10. 
6.7" 



: 1.76. 



In this manner let the student find the sin, cos, tan, and cot of 20°, and 
of 32° 30', and compare the results with the following : 



Angle 


sin 


COB 


tan 


cot 


20° 


.34202 


.93969 


.36397 


2.7475 


32° 30' 


.53730 


.84339 


.63707 


1.5697 



17 
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33. EzpreMion of Approximate Values. When the omitted part 
oi the value is equal to or greater than .5 of the unit of the last 
figure retained, that figure must be increased by 1. Thus, 5.82637, 
expressed approximately by four places of decimals, is 5.8264 ; by 
three places, 5.826; by two places, 5.83; by one place, 5.8; and as 
an integer, 6. 

Similarly, 12^ 34' 46'^ expressed in the nearest tenth of a minute, 
is 12* MJi^'f in the nearest minute, 12° 35'; the nearest tenth of a 
degree, 12.6*; and in the nearest degree, 13**. 

Note. — Throughout this work, the required angles will often be expressed in 
the nearest minute, as that is sufficiently accurate for all ordinary practical pur- 
poses, and spares the student the labor and waste of time in finding closer 
determinations. 

34. A Table of Natural Functions, as arranged on pp. 59 to 61, is 

a table by which we may find, approximately, 

(1) The natural sin, cos, tan, or cot of any acute angle ; 

(2) Any acute angle when its sin, cos, tan, or cot are known. 
Directions as to the use of the table will be found in the intro- 
duction to the table. 

35. Exercise IV. 
Find the following : 

1. sin 9° 30'. 4. cot 23° 25'. 7. tan 13° 43'. 

2. cos 78° 40'. 5. sin 64° 15.6'. 8. cos 85° 22.8'. 

3. tan 35° 16'. 6. cot 70° 37'. 9. sin 2° 49'. 

10. Find the angle whose sin is | or .66667. 

11. Find the angle whose tan is .70238. 

12. Find the angle whose cos is .38671. 

Express the following in degree measure. 

13. sin-^41204. 16. cot"^ ^. 17. tan-^ ~. 

14. tan-i?. 16. cos-\82116. 18. cot"^ — • 

4 4.5 

Answers: 1. .16505. 3. .70717. 6. .90078. 10. 41° 48.6'. 12. 67° 16'. 
14. 36° 62.2'. 18. 64° 36'. 
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LOGARITHMS 

36. Tables of Logarithms. A table of natural functions is suffi- 
cient for all the purposes of trigonometric computations, but it is 
more convenient to employ a table of logarithms. A table of the 
logarithms of numbers from 1 to 10,000 will be found on pp. 20 to 
35, and a table of the logarithms of the sin, cos, tan, and cot of 
acute angles on pp. 36 to 58. 

37. The properties of logarithms and the method of finding and applying 
them are fully explained and illustrated in the introduction to the tables ; and 
if the student is not already familiar with the subject, he should read that part 
of the book before entering upon the solution of triangles. 

38. " The sole arithmetical operations which can be performed by logarithms 
are those of multiplication, division, involution, and evolution. Before, there- 
fore, the value of an expression can be calculated by means of logarithms, the 
expression must be put into such a form that no other arithmetical operations 
than these have to be performed. Such an arrangement of an expression is 
called the adaptation of it to logarithmic computation." — Snowball. 

Thus, in the right AOBP, Fig. 3, if r and y are known and x required, log- 
arithms cannot be directly applied to determine the value of x from the expres- 
sion X = Vr* — y^, but the expression is adapted to logarithmic computation by 
writing it « = V(r + y) (r - y) 



39. Exercise V. 

Find the logarithms of: 

1. 425. 4. 108457. 

2. 0.617. 6. .30365. 

3. 2347. 6. 24.725. 



T. .00065. 

8. .0042683. 

9. (.034)«. 



13. sin 45° 28'. 

14. tan 16*^35'. 



15. cos 69° W. 

16. tan 45*^59'. 



10. (1.252)*. 

11. VJ5. 

12. ^.03256. 

17. cot 70° 18' 

18. sin 13° 12.4'. 



Find the numbers corresponding to the logarithms : 

19. 2.47246. 21. 9.79029-10. 23. 4.85378. 

20. 1.26784. 22. 1.36435. 24. 6.15465-10. 



Find the angle u if : 

25. log sin tt = 9.70075. 

26. log cos tt = 9.43758. 



27. log tan tt^ 9.79840. 

28. log cot tt = 9.84266. 
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Find by logarithms the value of ; 

29. 3.1425x603.93. q^^j 



30. 25.073 X .0375. 74.938 x .05938 

31. 4867.2-1-765.16. ^^ 3.4 x .0275 x .76 

32. 45607^31045. .00381x43.07 

Anaioera: 8. 3.37051. 4. 6.03626. 6. 9.48237-10. 8. 7.63025-10. 

9. 6.59444-10. 11. 9.93753-10. 18. 9.85299-10. 16. 9.54969-10. 

18. .01491. 19. 296.8. 84. .00014277. 85. 30° 8.1': 87. 32** 9.3'. 
29. 1897.9. 81. 6.361. 84. .433. 

SOLUTION OF RIGHT TRIANGLES 

40. A triangle has six parts or elements, three sides and three 
angles. To solve a triangle is to find from its given parts the values 
of its unknown parts. 

41. Any right triangle can be solved, 

I. If any one of the sides and either of the acute angles are given; 
II. If any two of the sides are given. 

42. The Complete Solution of a triangle consists of two parts, viz. : 

(1) The Statement, which consists in expressing the unknown in 
terms of the given parts by means of formulas. 

(2) The Computation, which consists in applying the formulas to 
the given values and computing the values of the required parts. 

43. Notation. The notation will remain as heretofore : u and v 
will denote the acute angles, y and x their opposite sides, respec- 
tively, and r the hypotenuse. 

44. Suggestions in Reference to Solving Triangles in General. (1) Draw 
roughly the figure representing the triangle to be solved, and mark with a cross 
or otherwise the given parts, as in the following examples. 

(2) After finding one of the required parts, there are generally two or more 
ways by which the remaining part or parts may be determined. Of these, select 
the method which involves the least labor, provided that it is equally free from 
liability to error. An error committed in finding a part will vitiate the remain- 
der of the work if that part is involved in the subsequent formulas. Hence, the 
unknown quantities should be computed directly from the data, or from the 
parts whose values have been very carefully determined. 

(3) For a check upon the accuracy of the computation, take one or more of 
the omitted formulas by which the required parts might have been found, and 
apply it to the parts in such a manner that any mistake in the computations of 
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the parts will make the check a false equation. Small errors disclosed by the 
check are often due to the inaccuracy of the tables, and not to mistakes in the 
computation. 

(4) Solving triangles by logarithms is generally much less laborious than 
solving them by natural functions ; yet the latter is the natural method, and in 
employing it the student is less liable to lose sight of the character and poten- 
tiality of the functions. It should therefore be employed sufficiently to insure 
its comprehension. It may be used as a check on results obtained by logarithms. 

45. Inductiye Exercises.* 1. If the h3rpotenuse (r) of a right triangle and 
the angle («) at the base were known, (1) how would the perp (y) be found? 
Ans, By multiplying the hype by sin u, (2) How would the base (x) be found ? 

8. If y and u were known, (1) how would r be found ? Ana. By dividing 
y by sin u, (2) How would you find x ? 

8. If aj and u are known, how do you find (1) r ? (2) y ? 

3 
4. What is the value of y when r = 20 and sin w = - ? 



Q 

6. What is the value of x when r = 12 and cos t« = - ? 

6. Fmd X and y when r = 18 and u = 30°. (For sin 30°, see Art. 29.) 

7. What is the value of r, (1) when y = 12 and sin « = j ? (2) When x = 25 

ir 4 

and cos tt = ^ ? (3) When y = 10 and u = 30° ? (4) When x = 12 and 
tt = 60°? 

8. What is the value of y when x = 16 and tan u = - ? What is the value 
of X when y = 30 and tan « = 5 ? Find y when x = 6 and u = 30°. Find x 
when y = 10 and u = 46°. 

9. How would you find ti if y and r were known ? Arts. I would find sin u 
by dividing y by r. How would you find «, (1) if x and r were known ? (2) If 
X and y were known ? 

10. What is the value of u when x = 7 and y = 7 ? Ana. 45°, Art. 28. 

11. What is the value of u when x = 6 and r = 10 ? 
18. What is the value of u when y = 6 V3 and r = 12 ? 
18. Find u when x = 6 and y =p. Ans, u = tan-i ^• 
14. Find u when x = 6 and r = h. 

16. Find ti when y=Fp and r = ^. 

16. Find u by the table, p. 59, (1) when x = 3, r = 5. (2) When x = 5, 
y = 4. (3) When y = 7, r = 10. 

* These questions are intended to be answered orally by means of the Trig- 
onometric Circle. If the student has not committed the Circle to memory, let 
him make a rough copy of it on a slip of paper, and hold it before him. The 
sec and esc are to be omitted, as they are not usually employed in practical 
computations. 
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46. I. When a side and an acute angle are given. 

(1) Given r = 20, v = 21° 47' ; find u, x, y. 

Statement 




tt + i; = 90°, .-. tt = 90°-u 
.*. V = r sin u. 



y 

-=sinw, 



X 

- = cos M, 

r ' 



, x = r cos «...'. (a) 
Check: ^'{-y^ = 7^, .-. x = V{r'^y)(r — y) . (6) 
Note. — We may find x by (6) and check by (a). 

Computation. (1) By Natural Functions 

w = 90° -21° 47' = 68° 13'. 
y = 20x sin 68° 13' = 20 x .92859 = 18.572. 
ic = 20 X cos 68° 13' = 20 X. 371 10= 7.422. 

(2) Bt Logarithms 
log y = log r -f log sin u. log x = log r -f log cos u. 

log r = 1.30103 log r = 1.30103 

log sin u = 9.96783 - 10 log cos u = 9.56949 - 10 



log y = 1.26886 
y = 18.572. 




log»= .87052 
X = 7.422. 

(2) Given y = 78, w = 62° 10'; find v, x, r. 

Statement 
u-\-V = 90% .-. v = 90°— w. 

.-. x=zy X coti(. 



= cot w, 
= sin u, 



r = y-^ sm u. 



Computation by Logarithms 
log 0? = log 2/ + log cot u. log r = log y -f colog sin w. 

log y = 1.89209 log 2/ = 1.89209 

log cot u = 9.72262 - 10 colog sin w= .05340 



log 05=1.61471 
.-.a = 41.182. 



log r = 1.94549 
.-. r = 88.204. 
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(3) Given a; = 98.42, m = 22°69'; find y, r. 
Statement 

.-. y = a;tanM. 



y 

- = tan w. 



-4n«. y = 41.74. 

r = a? -5- cos M. r = 106.9. 

Let the student make the computation by both methods. 



X 

- = cos w, 



find X = 121.53, i/ = 32.11. 
find X = 288.1, y = 150.4. 
find r = 40.85, a; = 19.67. 
find r = 98.12, y = 70.82. 
find r = 52.83, a; = 20.87. 



47. Exercise VI. 

1. Given r = 125.7, i; = 75°12'; 

2. Given r = 325, u = 27°34'; 

3. Given y = 35.8, u = 61** 13' ; 

4. Given a; = 67.916, 'y = 43°48'; 

5. Given 2/ = 48.532, ^ = 23^6'; 

6. Given a; = 76.56, w = 82°6.3'; find r = 657.4, y = 552.1. 

7. Given a; =.13534, v = 14** 55.7'; find r = .5254, 2/ = .5076. 

8. Given r = 469.423, u = 26° 12.4' ; find y = 207.3, x = 421.2. 

9. Given y = .04804, u = 31** 45' ; find r = .0913, x = .0776. 

Solve the following right triangles : 

10. r = 100, w = 30M0'. 14. y = 8.57, w = 61°48'. 

11. r = 34.372, w = 18*^16.5'. 15. t/ = . 00824, w = 27° 34.3'. 

12. a; = 68.2, v = 16°37'. 16. r=.504, 'y = 12°5.6'. 

13. a? = .07456, v = 52° 42.8'. 17. a? = .00093, w = 41° 28.5'. 

48. 11. When two sides are given. 
(1) Given j^ = 35, r = 62 ; find «, x. 

Statement 



y 

Sin u = -, 



= cos w, 



y 

u -= sin~^ -• 

T 



.-. a;= ?'COSw. 



Or 




a?=V(r-|-y)(r-y). 

Computation. (1) By Natural Functions 

1^ = sin-i ^ = sin-^56452 = 34° 22.1'. 
62 

a; = 62 X COS w = 62 X .82543 = 51.176. 
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(2) Bt Looabithms 
log sin M = log y + colog r. log a; = log r + log cos u. 

log y = 1.54407 log r = 1.79239 

colog r = 8.20761 - 10 log cos u = 9.91668 - 10 

log sin u = 9.75168 - 10 log x = 1.70907 

w = 34° 22.1'. a = 51.176. 

(2) Given y = 273, x = 418 ; find u, r. 

Statement 
y y 

y 

-=sinw, .-. r = y-5-sintt. 

r 

Computation by Natural Functions 

u = tan-^ ^ = tan-^65311 = 33° 8.9'. 
418 

r = 273 -5- sin 33° 8.9'-= 273 -&- .54681 = 499.25. 
Let the student verify these results by logarithms. 

(3) Given a? = 12, r = 13 ; find u, v, y. 

Statement 

tan w = -, . •. w = tan~^ -• 

v = 90° - w. 

Computation 
y = V169 - 144 = V25 = 5. 

w. = tan-^ -^ = tan-i .41667 = 22° 37,2'. 
12 

2d Statement 

COS u = -, ?( = sin w, .'. y = r sin w. 

r r 

Computation by Logarithms 
log COS u = log X -f colog r log y = log r + log sin u. 

log a? == 1.07918 log r = 1.1 1394 

colog r = 8.88606 - 10 log sin u = 9.58503 - 10 

log cos tt = 9.96524 log 2/= .69897 

14 = 22° 37.2'. 2/ = 5. 
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49. Exercise VII. 

1 . Given x = 25.1, r = 32.7 ; find w = 39° 62', y = 20.96. 

2. Given y = 3.414, a? = 2.876; find m = 49** 63.9', r = 4.463. 

3. Given y = 99.464, r = 166.82 ; find t* = 39° 21.9', x = 121.2. 

4. Given y = 694.73, x = 8372.1 ; find w = 4° 44.6', r = 8401.6. 

5. Given r = 444.4, 2/ = 160; find w = 19M3.6', a? = 418.3. 

6. Given r = 726.9, a? = 316.2; find w = 64° 12.9', y = 664.6. 

7. Given r=. 0941, 2^ = .0636; find w = 34° 43.3', a; = .07734. 

8. Given 2/ = 2.1, x^2\ find w = 46° 23.8', r = 2.9. 

9. Given r = 1.84, a? = 1.47; find w = 36° 68.4', 2^=1.107. 

Solve the following right triangles : 

10. r = 46, a? = 32. 14. a? =66, 2^ = 72. 

11. a; = 342.6, 2^ = 92.87. 15. 2^ = .06437, r=. 08342. 

12. r = 100, 2^ = 67. 16. r = .16, a; = .09. 

13. a? = 4.3768, r = 10.0824. 17. a? =.00221, 2^ =.00099. 

18. The hypotenuse and base of a right triangle are 308.07 and 
161.24. Show that the perpendicular and the angle at the base are 
268.39 and 60° 36'. 

19. The length and width of a rectangle are 13 and 7. Find the 
angles into which the corner is divided by the diagonal. 

50. When the hypotenuse and one leg are nearly equal. When the 
hypotenuse and one leg are given, and these given parts are nearly 
equal in value, the preceding method pf solution will lack precision. 
For, let r and x be the given and nearly equal parts, then u must 
be nearly 0° and v nearly 90°, and to find u and v, we have 

X . X 

cos tt = -, sm v = -. 
r r 

Now the differences between the cosines or log cosines of angles 
near 0°, and the sines or log sines of angles near 90°, are so small 
that they do not appear in the tables. Thus: 

(1) log cos 2° 13' or log sin 87° 47' = 9.99967 - 10, 

(2) log cos 2° 16' or log sin 87° 46' = 9.99967 - 10. 
Therefore the angle whose 

(1) log cos is 9.99967 — 10, may be any angle between 2° 12' and 
2° 16'; 

(2) log sin is 9.99967 — 10, may be any angle between 87° 44' and 
87° 48'. 
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We will now deduce a formula by which more accurate results can 
be obtained in such cases. 

iB 




Let AD bisect the angle CAB(=: u), and let m = CD, then 



By Geometry, 
By composition, 



or 



tan t w = — 
rixi: BD ; m. 
r 4- 05 : a; : : BD -h m : m, 
r 4- a? : a; : : y : m. 



Whence, 



r4-a? _ y 
X ~"m' 

y 



m 
or — = 



r + x 



.'. tan itt = 



Vi^ 



- «*___ /r — 05 
a; ~"A/r + a? 



(a) 



Note. —This result can be obtained from [36] by making A = u and 



X 

cos M = — 
r 



Examples, 1. Required the angle of elevation (CAB, Fig. 15) of a 
railway track at a point where a section of the track (AB) 3967.6 ft. 
in length subtends a horizontal distance (AC) of 3963.3 ft. 

Using (a), we have 

AB-AC^ 4.3, AB^AC=^ 7930.9. 
log 4.3 = 0.63347 
colog 7930.9 = 6.10068 - 10 . •. ^ CAB = I'* 20.035', 

2 )16.73415-20 . •. CAB = T 40.07'. 

log tan \ CAB = 8.36708 - 10 

Note.— If we try to find CAB by cos CAB = AC -^ AB, we will obtain 
log cos CAB = 9.99952, from which we can only determine by the tables that 
CAB lies between 2''40' and 2° 43'. 

2. If the lower end of a vibrating pendulum rises and falls through 
a vertical height of .1 inch, through what angle does the pendulum 
swing, if it is 50 inches in length? 
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51. To find the area of a right triangle. 

I. Wheii the two legs are given. 

By Geometry, the area of a triangle is equal to one-half of the 
product of the base by the altitude. 
Hence, denoting the area by Ky 

K = \'y [14] 

II. When one leg and the opposite angle are given. 
Since - = cot «, oj = y cot w. 

y 

Substituting in [14], K= ^y* cot u, 
Similariy, K= ^ ^ cot v. 

III. When one leg and the adja/xnt angle are given, 

y 

Since -=tanu, y=ajtanw. 

X 

Substituting in [14], Jr= ^ as" tan u. 
Similariy, JT = ^ y* tan v. 

52. Exercise VIII. 

1. Prove K=i ^ r* sin w cos w = ^r" sin v cos u 



2. Prove K— \ yV{r '^y)(r — y) = ^a5V(r 4- «) (»* — *). 

Note. — In computing the value of K by logarithms it will be most con- 
venient to find 2 K first, and then take half of it. 

3. Given ti = 19^36', y = 11.089; find Jr= 172.7. 



find^. 

find ^=56.996. 

find K, 



4. Given w = 40°30', a; = 12.42; 

5. Given a; = 14.942, y = 7.629; 

6. Given r = 12.45, a: = 8.067; 

7. Given u = SO^'SaS', r = 230.442 ; find K::^ 11709. 

8. Given v = 63*^42', a; = .0625; find if. 

9. Given ^=15, 2^ = 5 ; find r = 7.81, u = 39° 48'. 

10. Given K^ 225, r = 33 ; find 3^ = 15.42, x = 29.18, 
M = 27°52'. 

11. Given K= 40, w = 21° 41' ; find y, x, and r. 
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(2) co3A = -, 
c 



'— -nl 



53. Isosceles Triangles. An isosceles triangle is divided into two 
equal right triangles by drawing a perpendicular from the vertex 
to the base. Therefore an isosceles triangle is determined by any 
two parts that determine one of these right triangles. 

(1) In the isosceles triangle ABC, given AB=5C=14.3, AC=11 ; 
find the angles A, B, C. 

Draw BD JL AC, and denote AB by c, BC by a, AC by b, AD 
by X, and BD by y. 

(1) x = ib^5.5. 

^ A- 

(3) A + B-^C^ISO^ 

.'. 5= 180*'- 2^ = 46^*14'. 
Also (4) y = 14.3 x sin ^ = 13.2. 

54. Exercise IX. 

The following six examples refer to Fig. 16. 

1. Given a = 18, ^ = 30°; find 3/ = 9, 6 = 31.18, 5=120^ 

2. Given a=7.32, 2/=7.2; find ^=79° 37', 5=20° 46', 6=2.64. 

3. Given 6 = 9, 3/ = 20 ; find ^ = 77° 19', B = 25° 22', a = 20.5. 

4. Given 5 = 84° 47', c = 91.033; find 6=122.75. 

Denoting the area by K, show that 

6. K=ib^/4:a'-b\ 6. K=a'siniBcosiB. 

7. Mnd the side (2 5 sin 22^°), and apothem (i?cos22i°) of a 
regular octagon inscribed in a circle whose radius is B. 

8. Find the side, apothem, and area of a regular decagon in- 
scribed in a circle whose radius is E. 

9. The legs of a pair of dividers are 5 in. long and form an angle 
of 80° 24.4'. Find the distance (= 6.455 in.) between the points. 

10. A wedge measures 18 in. along the side, and its base is 3 in. 
wide. Find the angle (9° 34') at its vertex. 

11. The pitch of a roof (ZBAD, Fig. 16) is 26° 34'. Show that 
the height (BD) is about | of the width (AC), 
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MISCELLANEOUS EXERCISES 

55. Exercise X. 

1. If the base of a right triangle is 63.06 and the acute angle 
at the base is 72° 52', what is the perpendicular? 

2. Wishing to know the height {CB) of 
a tree standing on a horizontal plane (Fig. 
17), I measured from the tree the horizontal 
line CAy 150 ft., and found the angle of 
elevation, CAB, to the top of the tree to 
be 35° 20'. Required the height. 

3. If the perpendicular of a right tri- 
angle is 100 ft., and the angle at the base 
is 12°, what is the base ? Fio. 17. 

4. If the height of a tree is 80.9 ft., at what horizontal dis- 
tance from its foot must an observer stand so that the angle of ele- 
vation of the top of the tree may be 38° ? 

6. If the perpendicular of a right triangle is 82 and the base is 
95, what is the angle at the base ? 

6. What is the angle of elevation of the sun when a flag-pole 
whose height is 138.32 ft. casts a shadow 223.27 ft. in length ? 

7. From the top {B) of a tower 219 ft. high (Fig. 18), the angle of 
depression, DBA, of a stone {A) is observed ^ „ 

to be 21° 46'. Find the horizontal distance 
iCA) of the stone from the foot of the 
tower. 

8. One of the legs of a right triangle 
is f of the hypotenuse. Find the acute 
angles of the triangle. 

Fid 18 

9. One of the acute angles of a right 

triangle is double the other, and the hypotenuse is 8. Find the leg«. 

10. The two acute angles of a right triangle are as 4 to 5, and the 
base is 120. Find the other sides. 

11. Find the area of a regular dodecagon inscribed in a circle 
whose radius is R, 

12. If the radius of a circle is 30 in., and a chord is 44 in., what 
angle at the centre is subtended by the chord ? 

13. I wish to describe an arc of 37° 28' so as to subtend a chord 
of 100 ft. Required the radius. 
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14. Find the area of an isosceles triangle (Fig. 16) in terms of 
the altitude (y) and the angle at the vertex (B). 

16. Find the two acute angles (u, v) of a right triangle, having 
given the hypotenuse (26) and the perpendicular (12), drawn from 
the right angle to the hypotenuse. 

16. Two towns (A, B) are 8 miles apart, and a man in a balloon 
directly above A observes the angle of depression of B to be 10° 14'. 
Find the height of the balloon. 

17. A regular heptagon is inscribed in a circle whose radius is 
6.6. Find a side and the area of the heptagon. 

18. The side of a regular dodecagon is 11.2. Find the radius of 
the inscribed and circumscribed circles. 

19. The base, perpendicular, and hypotenuse of a right triangle 
are in arithmetical progression ; that is, r — y = y — x. Find the 
acute angles. 

20. A person wishing to find the width of a river, selects a point 

p (A), Fig. 19, on the bank 

just opposite a tree (BP) on 
the other bank, and finds 
the elevation (BAP) to be 
11° 19' ; he then recedes 200 
ft. (AC) in a direct line 
from the tree, and finds the 
elevation (BCP) to be 8° 8'. 
Find the width (AB), 

Hint. —Draw AD ± (7P; find AD, then AP, then AB. 

21. A straight horizontal road leads to the foot (B) of a wall 
160 ft. high, and from the top (P) of the wall the angles of depres- 
sion of two men (C, A) on the road are 10° and 8°. Find the dis- 
tance between the men. 

22. Upon the top of a shaft 125 ft. high stands a statue which, 
at a horizontal distance of 200 ft. from the foot of the shaft, sub- 
tends an angle of 3°. How tall is the statue ? 

23. Two straight roads, AB and AC, cross each other at A, form- 
ing an angle of 35°. A surveyor wishes to run a line from a point 
P in AB perpendicular to AC, so as to get a right triangular lot 
(PAD) that shall contain \ of an acre, or 10,890 sq. ft. What will 
be the frontage of the lot on each road ? 
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24. What would be the frontage on each road, in Ex. 23, if the 
lot were required to be in the form of an isosceles triangle having 
its apex at J.? 

25. The horizontal distance between the two extreme positions of 
the end of a pendulum 36 in. long is 5 in. Through what angle 
does it swing ? 

26. The moon is 238,- 
840 mi. from the earth, 
and subtends an angle 
of 31.12'. Find its di- 
ameter. 

27. An engineer in 
running a railway wishes 
to pass from the line 
ABy Fig. 20, to the line 

DE on the circular arc BcD so that the distance cC shall be / 
feet. Required the radius OB, the angle of deflection FCD being 
d degrees. 

28. A chord is stretched aroimd two wheels whose radii are 6 and 
17 inches, and whose centres are 24 inches apart. Find the length 
of the chord. 

Ansioers.'l. 204.6. 2. 106.34 ft. 8. 470.5 ft. 6. 31° 47'. 7. 648.46 ft. 
9. 4,6.928. 11. 3/?2. 12. 94° 20'. 14. y^ tan J 5. 18. 20.9,21.64. 
19. 36° 62', 53° 8'. 21. 231.05 ft. 82. 15.07 ft. 28. 215.3 ft., 176.4 ft. 

84. 194.9 ft. 26. 2162 mi. 27. (J^^^. 28. 24 V3 + 26 ir. 

1 — cos ^ a 




CHAPTER III 
ANGLES IN GENERAL 

DIRECTED LINES AND ANGLES 

56. Heretofore we have considered only acute angles and their 
functions ; we now purpose to show that angles may have any mag- 
nitude whatever, and that the preceding definitions and formulas are 
applicable to all angles. In doing so it will be convenient to con- 
sider lines and angles in reference to both their magnitudes and 
directions. When bo considered, they are called Directed Lines and 
Angles. 

57. Directed Lines. We may suppose the line AB to be gener- 
ated by a point moving from J. to ^ or from B to A, In the 

former instance the line is said to be 

directed from A to B, and is denoted ^ ^^^ ^ 

by AB, and in the latter it is directed 

from B to A, and is denoted by BA ; that is, the first letter denotes 
the initial point and the second the terminal point. Therefore a 
directed line indicates the distance and direction of the terminal 
from the initial or starting point. 

58. Opposite Directions. If a point moves from A to B and then 
moves backward to O, this opposite motion brings it nearer to A and 
therefore eliminates a part of the dis- 
tance AB, Hence distances or lines 
having opposite directions must have 
contrary signs. 

Let it be observed that, whether C is 
on the right or left of B, we have a q B 

AB-\-BC=AC . . [15] Fig. 23. 

In the first case AB and BO have the same direction and 
therefore like signs, and in the second case they have opposite 
directions and therefore contrary signs. This [15], and all similar 
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equations, may be interpreted thus : if a point moves from A to B 
and then from B to C, its distance and direction from A mil be AC. 

59. Positiye and Negative Lines. Either of two opposite direc- 
tions may be considered positive, and the other negative ; but it is 
usual to regard distances measured or directed horizontally to the 
right or vertically up as positive, and 
therefore those measured horizontally 
to the left or vertically down as negative. 

Thus, let A^Ai, Fig. 24, be a hori- 
zontal, and -^4-42 a vertical line cross- 
ing each other at 0, and dividing the 
surface about into four quadrants 
numbered I, II, III, IV, as in the 
figure. Let PiP^ and PaP^ be ± A^A^, 
Then BP^^ -BiP,, and OB are positive, 
and BP^ B^P^y and OB^ are negative. 



P2 



As B, 



II 



III 



Pa 



IP1 



JV 



P* 



A* 
Fio. 24. 



60. Addition of Lines. Two or more segments of a straight line 
are added by placing the initial point of the second upon the termi- 
nal point of the first, the initial of the third upon the terminal of 
the second, and so on ; and the sum of all the segments so added, 
both as to magnitude and direction, is the segment that reaches from 
the first initial to the last terminal point. When a positive segment 
is added, the terminal point moves forward; but when a negative 
segment is added, it moves backward. 



B 



C E 

Fia. 26. 



Thus, AB + BA^^, AB-hBC=Aa 

AB'^BC'hOA=^0, AB'{-BC-{-CE=AE. 
AB + BC-hCD + DE + EF-hFA^O, 

61. Cor. I. AB = — BA ; that is, changing the order of the letters 
changes the sign. 

62. Angles of Any Size. The idea of an angle, as usually pre- 
sented in Geometry, is not sufficiently general for the purposes of 
Trigonometry. We need here a conception that will admit of posi- 
tive or negative angles of any magnitude. Such a conception of 
angles, or angular quantity, may be formed in the following manner : 



I 
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Let AiA^ and A^A^ Fig. 2%^ be perpendicular diameters of a circle 
whose centre is and whose radius OP^ r. 




Let u = AiOP. Suppose the radius OP to start from the position 
OAi and rotate about the point as a pivot, like the hand of a 
clock turning backward. 

(1) At the starting-point, u = AiOAi = 0°. 

(2) When OP reaches 0^2, u=z AiOA2 = 90°. 

(3) When OP reaches OP2, u = A^OP^ = 90° + ^20^2- 

(4) When OP reaches OA^, u = A^OA^ = 180°. 

(5) When OP reaches OP3, w = ^OPg = 180° + ^sOPg. 

(6) When OP reaches 0^4, u = A^OA^ = 270°. 

(7) When OP reaches OP4, u = A^OP^ = 270° + ^40P4. 

(8) When OP reaches OA^ again, u = A^OAi = 360°. 

(9) When OP reaches 0^2 again, u = ^i0^2 = 450°. 

(10) When OP reaches OP2 again, u = A^OP^ = 450° + ^20P2. 

etc. etc. etc. 

Hence, by regarding an angle as the measure of rotation, we have 
a simple conception that admits of angles of any size we please. 

63. The fixed line OAi, from which the rotation is supposed to 
commence, is called the Initial Line, and the rotating radius in its 
final position is called the Terminal Line. 

64. Directed Angles. The angle AOB maybe 
generated by a line rotating about from OA to 
OB or from OB to OA, In the former instance 
the angle is directed from OA to OB, and is de- 
noted by AOB', in the latter it is directed from 
Fig. 27. OB to OA, and denoted by BOA. 
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65. Positive and Negative Angles. It is evident from Art. 58 
that angles which are generated by opposite rotations have opposite 
signs. While either of two opposite rotations may be positive, it is 
usual to regard counter-dockmse rotation as positive and clockwise 
rotation as negative. Thus, Fig. 27, if the size of the Z is 30% 
then AOB = + 30° and BOA = - 30^ 



FUNCTIONS OF ANGLES IN GENERAL 

66. Quadrant Angles. 

Angles between 0° and 90° are angles of Quadrant I. 

Angles between 90° and 180° are angles of Quadrant II. 

Angles between 180° and 270° are angles of Quadrant III. 

Angles between 270° and 360° are angles of Quadrant IV. 

In general, if OAi, Fig. 26, is the initial side of an angle, as w, 
the angle, whether positive or negative, will be an angle of Quadrant 
I, II, III, or IV, according as its terminal side lies between OAi and 
OA2, OA2 and OAq, OA^ and OA^j or OA4 and OAi. 

Thus, the angles 

57°, 369°, 745°, - 300°, are first-quadrant angles. 
100°, 500°, — 200°, — 575°, are second-quadrant angles. 

67. Functions of Quadrant Angles. We will now determine the 
functions of angles of all the quadrants. 




Fig. 30. 



In each of the above figures OX and OE are the sides of the 
Z Uf P any point of the side OE, and PB is ± OX. Therefore by 
Art. 8, we have, in each case. 
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8intt = 



cosw = 



tanM = 



BP 
OP 
OB 
OP 
BP 
OB 



cotw = 



secM = 



cscw = 



OB 
BP 
OP 
OB 
OP 
BP 



(a) 



68. Signs of the Functions of Quadrant Angles. Regarding OP (= r) 
as always positive, we have 

In Fig. 28, or I, OP=r, OB== + x, BP = -{-y; 

In Fig. 29, or II, OP=r, OB = -x, BP = + y] 

In Fig. 30, or III, OP=r, OB = -x, BP = -yi 

In Fig. 31, or IV, OP=^r, OB = -{-x, BP = '- y. 

Substituting these values of OP, OB, BP in (a). Art. 67, we find 
that for all angles : 

In Quadrant I, all the functions are positive ; 
In Quadrant II, sin and esc are positive and the others negative; 
In Quadrant III, tan and cot are positive and the others negative; 
In Quadrant IV, sec and cos are positive and the others negative. 

69. Generality of the Fundamental Formulas. In each quadrant 
the functions are derived in precisely the same manner from the 
sides of the right triangle OBP. Hence, formulas [1] to [13] are 
true of any angle whatever. 

70. CoR. I. When- the sin and cos of any angle are known, we 
may find (see the Trigonometric Circle) : 

(1) TTie tan, by dividing the sin by the cos ; 

(2) The cot, by dividing the cos by the sin ; 

(3) The sec, by dividing the tan by the sin ; 

(4) The CSC, by dividing the cot by the cos. 

Thus, if sin w = -—, and cos w = — --, 
65 65 

for, ,. 16 . 63 16 

' tan t^= -— H — ■zt: = — TT 



65 


65 63 


CO.. — 1* 


16 63 
65 16 


-.-i* 


16 65 
66 63 


63 
csc« = ---.- 


63 65 
65 ^16 
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71. Line Values of the Functions. The functions are arithmetical 
fractions or numbers, but they may be represented relatively by 
lines (Art. 5) as follows: 





S A, 




^ 


9^ °\ 


Ai - 


\ \. 


yijj 




\J 


\^ 


T 



A* 
Fio. 35. 

In each of the figures, 32 to 36, let the radius of the circle be the 
unit of length* or 1, « = AiOP, and let BP and A^T be ± AiA^ and 
A^S ± AiAt. Then 

sintf = ^= ^=thelinetf/'; 
cos tf = ^= ^ = the line (?tf ; 

8eci/ = ^=^ = -^ = the line 0T\ 
OB OAi 1 

C8C 1/ = ^= §^ = -^ = the line OS. 
BP OAi 1 

Hence, remembering that only the relative values of lines are to 
be considered, that of the radius being 1, the functions of the angle 
formed by OAi and a moving radius may be defined thus : 



* A circle whose radius is the unit of length is called the unit circle. 
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The Sine is the perpendicular to AiA^ drawn from the terminal 
point of the moving radius. 

The Cosine is the line drawn from the centre of the circle to the 
foot of the sine. 

The Tangent is the perpendicular to AiA^ drawn from the point Ai 
to the moving radius produced. 

The Cotangent is the perpendicular to A^ drawn from the point 
Af to the moving radius produced. 

The Secant and the Cosecant are, respectively, the distances from 
the centre of the circle to the terminal points of the tangent and 
cotangent. 

With regard to the signs of the functions, it follows from Art. 59 
(1) that the sin and tan are positive or negative according as they 
lie above or below AiA^ ; (2) the cos and cot are positive or negative 
according as they lie on the right or left of A^ ; and (3) the sec 
and CSC are positive or negative according as their reciprocals (cos 
and sin) are, or according as their directions are the same as, or 
opposite to, the direction of the moving radius* 

These are called line values of the functions, as distinguished from 
the ratio values as given in Art. 67. When properly interpreted the 
line values are the same as the ratio values, yet each of the former 
is represented by a single line, while each of the latter is the ratio 
of two lines. Hence the former are more easily grasped, and will, 
therefore, be employed in the articles which immediately follow. 

72. How the functions of an angle vary as the angle increases. In 
Figs. 32 to 35, let us suppose the Z u to increase continuously from 
0° to 360°, and consider the changes in the values of its functions. 

NoTB. — Before beginning, let it be observed that the values to be considered 
are algebraic ; hence, when a function is negative it decreases as its absolute 
value increases, and vice versa. Thus, > — 1 > — 2, etc., and — 2 < — 1 < 0. 

For brevity, + and — will be used to denote positive and negative, 

(1) The Sine. The sine PB in Quadrant I is -f , and increases 
from to OA^ or 1 ; in II it remains + and decreases from 1 to ; 
in III it is — , and decreases from to OA^ or — 1 ; in IV it is — , 
and increases from — 1 to 0. 

Cor. I. sin 0° = 0, sin 90° = 1, sin 180° = 0, sin 270° = - 1. 

(2) The Cosine. The cosine OB in Quadrant I is +, and decreases 
from OAi or 1 to 0; in II it is — , and decreases from to OA^ or 
— 1; in III it is —, and increases from — 1 to 0; in IV it is +, 
and increases from to 1. 
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Cor. I. cos 0^ = 1, cos 90° = 0, cos 180* = - 1, cos 270° = 0. 

CoK. II. The greatest possible value of sin or cos is 1, and the least 
is — 1, and either of them may have any value between -f 1 and — 1. 

Cor. III. In one complete revolution of OP the sin and cos each 
change signs two times. 

(3) The Tangent. The tangent AiT in Quadrant I is+, and in- 
creases from to 00. As u passes through 90°, the tan jumps from 
-f- 00 to — 00 ; therefore in II it is —, and increases from — oo to 0; 
in III it is +, and increases from to oo. As w passes through 
270°, the tan jumps from -f <» to — oo; therefore in IV it is — , and 
increases from — oo to 0. 

Cor. I. tan 0° = 0, tan 90° = oo, tan 180° = 0, tan 270° = oo. 

(4) The Cotangent. The cotangent A^ in Quadrant I is -f > and 
decreases from oo to 0; in II it is — , and decreases from to — oo. 
As u passes through 180°, the cot jumps from — oo to -H oo ; there- 
fore in III it is -f, and decreases from -f-oo to 0; in IV it is —, 
and decreases from to — oo. 

Cor. L cot 0° = oo, cot 90° = 0, cot 180° = oo, cot 270° = 0. 

Cor. II. The greatest possible value of tan or cot is -H oo, and the 
least is — oo, and either of them may have any value between -H oo 
and — 00 ; that is, any finite value whatever. 

Cor. III. In one complete revolution of OP, the tan and cot each 
change signs four times. 

The following table gives the values of all the functions of 0°, 90°, 
180°, 270°, 360°, and how they vary in quadrants I, II, III, and IV. 
Let I be read, " increases as the angle increases," and D " decreases 
as the angle increases." 



Angle = 


oo 


Between 

0°and 

90° 


90° 


Between 

9<yoand 

180° 


180° 


Between 

180O and 

270O 


270° 


Between 

270° and 

860° 


860° 


sin ... . 





+ , I 


1 


+, r> 





-,I> 


-1 


-, I 





cos 


1 


+ ,!> 





-, D 


- 1 


-, I 





+ , I 


1 


tan 





+ , I 


±00 


-, I 





+ , I 


±00 


-, I 





cot 


±« 


+ , D 





-,D 


±00 


+ ,!> 





-,r> 


±00 


sec 


1 


+ , I 


±00 


-, I 


-1 


-,I> 


±00 


+ ,!> 


1 


CSC 


±00 


+ ,D 


1 


+, I 


±00 


-, I 


- 1 


-,r> 


±00 
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CIRCULAR OR RADIAN MEASURE OF ANGLES 

73. The method of estimating angles by degrees is that which is 
most commonly used in practical calculations. We will now explain 
another method, called the Circular or Radian Measure of angles, 
which is of great importance in the theory of mathematics. 

A Radian (rdn.) is an angle whose subtending arc is equal in 
g^ length to the radius with which the arc is described. 

74. To find the value of a radian. 
Let the circular arc AiBi be equal to its radius 
OAi (=r), then the ZAiOBi is a radian. Since 
angles at the centre of a circle are proportional to 
Fig. 36. ^* their intercepted arcs, we have 

sjigle AiOBi _ arc AiBi r _ 1 , 

4 right A circumference of the circle 2irr 2 tt ' 

.-. angleA05,=t£^^,or.ardn.=2£iSiit^ . ... (a) 

2 TT TT 

where ir(= 3.14159 •••) is the ratio of the circumference of a circle 
to the diameter. 

75. To find the value of an angle in radian measure. 

Let AiOP be any Z and AiOBi a radian, and let 
I and r be the relative lengths of the arcs AiP and 
AiBi (= OAi), Then, by Geometry, 

A^OP ^ arc A^P ^^ A^OP ^l 
Fig. 37. AiOBi arc A^B^ 1 rdn r 

Now, denoting the relative values of AiOP and 1 rdn by u and 
1, we have # 

'' = r fie] 

If / = r, then u = 1, which is 1 rdn ; if / = | r, then u = |, which 
means (1) that u is f of 1 rdn, or that u is an angle whose arc is 
•J of the radius ; etc., etc. 




76. To reduce radian to degree measure, and vice versa. 




By (a). Art. 74, we have 




(1) I rdn = ^-^, or Z I = 57.29578°, nearly . 


. [17] 


(2) i8o° = irrdn, or i° = Z-^ 


. [18] 
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Hence, to reduce degrees to radians, multiply the number of degrees 

by -^; and to reduce radians to degrees, multiply the number of 
180 ^ «^ 

radians by z2z or 57.29578. 

Thus, the circular measure of an angle of 90° is ^ - or - ; of 
Art \x 180 2 

an angle of 60°, ^^^ or ^. 
^ ' 180 3 

Again, the number of degrees in an angle whose circular measure 

1 Crt 

is T> is 7 X = 45 ; in an angle whose circular measure is 1, is 

4 4 IT 

i X 57.29578 = 28.64789. 

77. Exercise XI. 

Express each of the following in radian measure : 

1. 15°. 3. 67° 30'. 5 

2. 25°. 4. 163° 7' 30". 6 

Express each of the following in degree measure : 
9. ^. 11. '^ + 1 



340°. 


7. 


63" 20'. 


496°. 


8. 


88° 53' 20". 


i measure : 






-1- 




16. 1. 


»| 




16. V2. 



3 6 

10. i^. 12. 3z±2. 

16 5 

17. How many seconds in 1 radian ? 

18. Find the difference in degree measure between 22 radians and 
14 right angles. 

19. Find the difference in radian measure between 355 radians 
and 226 right angles. 

20. What angle in radian measure does the hour hand of a clock 
describe in 39 min. 22^ sec. ? 

21. How long does it take the minute hand of a clock to turn 
through If radians ? 

22. A wheel makes 10 revolutions a second. How long does it 
take to turn through 2 radians, taking tt = 3| ? 

23. Express in radians one of the interior angles of a regular 
(1) pentagon ; (2) octagon. 

Answers: 1. — . 8. — • 4. — • 6. il^- 9. 120°. 11. 39° 32.96'+. 
12 8 32 4 

12. 130°65'6.9"4-. 13. 14°19'26.2"+. 16. 81° 1' 39.69''+. 18. 30'26.7"+. 

20. ^. 22. Jrsec. 
64 220 
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LIMITING VALUES OF ?^ AND ^^^J* 

u u 

78. To prove that sin c/ < f/ < tan c/ when u <^, u being expressed 

in circular measure. 

Let AiOP be any acute angle; from O as a 

JT centre with a radius 0P(= 1) describe the arc 

AiP(= m), and draw PB and TA^ ± OAi ; then 

BP = sin u, AiT= tan u. 

The A OA^P is less than the sector OAiP, 
~^~\ being a part of it, and for the same reason the 
Pia. 38. sector OAiP is less than the A OAiT. By Geom- 

etry, with respect to area : 

A OAiP = i OAi X BP, sector OAiP = ^ O^i x arc AiP, 

AOAiT=iOAixA^T. 

.\iOA^xBP<iOAiXB;rcAiP<iOAixAiT . . (a) 

(a) -i-iOAi, BP < B.TC AiP < AiT, 

or sin?i<w<tanw (b) 

Cor. I. Dividing (b) by sinw, 

1<-T^<secw, 
smi^ 

or l>?i5L2£>cosw, 

That is, the value of sin u is less than u and greater than u cos u. 

7ft To prove that the limits of ?^, ^Ji, ?^, when c/ is in- 

tani/ c/ c/ 

definitely diminished, are each unity. 

In Fig. 38, as the angle AiOT diminishes the three lines PB, arc 
PAi, and TAi evidently become more and more nearly equal to one 

another, and since 

PB sin u ^^„ ^^ 
— -— = = cos u, 

TAi tani^ 
the limit of PB h- TAi is the same as the limit of cos u, which is 
(cos = 1) unity. 

As the arc A^P or u is intermediate in value between PB (= sin u) 
and TAi (= tan u), evidently 

limit o{^^= limit of ?i2^ = limit of ?SJf = l. 
u u tanu 
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REDUCTION OF FUNCTIONS 



80. The Mathematical Tables give the functions of positiye acute 
angles only, and it is now to be shown how the functions of any 
angle may be reduced so that they may be found by the tables. 

&L Functions of — i/ in terms of 
the functions of u. 

Let OAi be the radius of a 
unit circle, and let u = AiOP and 

— w = J.1OP'. Whatever may be 
the size of w, the two points P 
and P* will be (1) on the same 
side of A^ and at equal dis- 
tances from it, and (2) 01^ oppo- 
site sides of AiA^ and at equal 
distances from it. Hence, u and 

— u have the same cosine, OB^ 
and numerically equal sines, BP 
and BP^j with opposite directions. 

. . sin — 1/ = — sin I/, and cos — c/ = cos i/ . . . [19] 

Whence, Art. 70, 

tan — u =*— tan w, cot — w = — cot u, 

sec — tt = sec w, esc — m = — esc u. 

Since these formulas are true for any value of w, they enable us to 
express the functions of any negative angle in terms of the functions 
of an equal positive angle. 

82. Functions of 90'' + </ in terms of the functions of i/. 






Fig. 40. 



Fig. 41. 
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Fig. 42. Fio. 43. 

In each of these four figures let OP = 0P'=1, and let w=Z -^lOP 
be an angle of Quadrant I, II, III, or IV. Let OP* be ± OPj and 
draw PB and P'5' ± A^A^. Then in each figure, 

8inu = 5P, sin(90-f tt)=5'P', 

and cos u = OB, cos (90 + w) = 05'. 

The two A OjBP and OB^P^ are evidently equal. 

..PB'=z OB, or sin (90° + «/)= + cos 1/ . . [20] 

OS' = --P5,* or cos (90'' + «/) = - sine/ . . [21] 

Whence, Art. 70, tan (90° + w) = — cot m, 

cot (90° -f w) = — tan M, 

sec (90° -f w) = — CSC w, 

CSC (90° -f w) = -f sec m. 

Formulas [20] and [21] may be stated thus : the sine and cosine 
of any angle are equal to, respectively, the cosine and minits the sine 
of an angle 90° less. 

Thus, sin 290° = cos 200° = - sin 110° = - cos 20° ; 
and cos 155° = - sin 65° = - cos - 25° = - cos 25°. 

In tliis manner the sine and cosine of any angle may be reduced 
to the sine or cosine of a positive angle not greater than 45°; but 
Vv the next article, the reductions may be more conveniently 

A r— flittti <rf n X 90° ± c/ in terms of the functions of u. 
<K Tv^ ^s^-t; <^,aj\S^ to COS and cos to sin when 90° is added to, 
f - >;. • -.r?**'*,':*^ ftv^iu* the angle, it is evident that (omitting the signs) 

$r.T. ^'* X iH)° ±u) = sm ±u or cos ± u, 
., ^^ 1, \ 90"* ± «) = cos ± u or sin ± u, 

. . .- TV i*. . tv ttt. >^x^ti or odd integer. 



...-.'. at - ^T. but they have contrary signs (Art. 69). 
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Whence, Art. 70, 

tan (n x 90° ±u) = tan ±u ov cot ± u, 
cot (n X 90° ± w) = cot ± u or tan ± u, 
sec (n X 90° ± u) = sec ± w or esc ± w, 
CSC (n X 90° ± 1^) = CSC ± w or sec ± u, 
according as n is an even or odd integer. 

Therefore to find any function of any angle, divide the number of 
degrees in the angle by 90, and take the same or co-function of the 
remainder according as the quotient is an even or odd integer, and 
prefix the sign + or — according to the quadrant in which the given 
angle lies. 

Thus, to reduce sin 600°, we divide 600 by 90 and find 6 quotient 
and 60 remainder. Hence, (1) 600° lies in Quadrant III, and there- 
fore its sin is — ; and (2), since 6 is an even number, we take the 
same function of 60°. Thus, sin 600° = - sin 60°. 

84. Exercise XII. 

Keduce the following to functions of positive acute angles : 

1. sin 172°. 6. sec 300°. 9. esc 872° 47'. 

2. cos 200°. 6. sin 274° 16'. 10. sin - 300°. 

3. tan 164° 33'. 7. cos 713°. 11. cot -510°. 

4. cot 91°. 8. tan 813°. 12. tan -700° 41'. 

Answers: 1. sin 8°. 8. -cot 74° 33'. 6. esc 30°. 7. sin 83°. 

9. sec 62° 47'. 11. tan 60°. 

85. Functions of i8o° — c/ in terms of the functions of u. 
lfu>0 and u < 180°, it follows from what has preceded that 

sin (180° — u) = sin w, cot (180° — w) = — cot u, 
cos (180° — w) = — cos u, sec (180° — «) = — sec u, 
tan (180° — tt) = — tan w, esc (180° — u) = esc u. 

MISCELLANEOUS EXERCISES 

86. Exercise XIII. 

Give the quadrant in which each of the following angles lies : 

1. 143°. 3. 310° 20'. 6. -8°. 7. -700°. 

2. 290°. 4. 400°. 6. IfTT. 8. -2f7r. 
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Giye the signs of the functions of the following angles : 

9. 100^ 11. 432^31'. 13. ~ 16. ^. 

4 6 

10. 300n0'. 12. -146^40'. 14. ^^. 16. -Ik 

Reduce the following to functions of positive acute angles : 
17. sinl57^ 20. esc 804° 35'. 23. cos - 1000°. 26. tan 600°. 
IS. cos 322°. 21. cot -330°. 24. tan 401° 20'. 27. esc -320°. 
19. sec 669°. 22. sin -134°. 26. sec 225°. 28. cot512°42'. 

Prove the following (see Arts. 28, 29) : ^ 

29. tan 135°= - 1. 31. sec 315°= -h V2. 33. sin 300° = - ^VS. 

30. cos 120°= - \. 32. cot 210°= -fV3. 34. csc - 240°= +iV3. 

What other angle less than 180° has the same sine : 

35. As 70°? 36. As 48° 21'? 37. As 129° 32' 12" ? 

Are there two angles less than 180° that have : 

38. The same tan ? 40. The same <}sc ? 42. The same cot ? 

39. The same sec? 41. The same cos? 
In what quadrant does the angle i^ lie : 

43. If sin u is -Hand tan wis —? 45. If cos u is — and tan t^ is -f? 

44. If cos u is + and cot w is — ? 46. If sec u is — and csc w is +? 

Give the number of angles less than 360° and also their quadrants : 

47. Whose cos= +-• 50. Whose cos= — -• 53. Whose tan= + -• 

Z Z <i 

2 3 

48. Whose sin= 61. Whose sin=+-. 54. Whose sec=— 4. 

5 4 

49. Whose csc = 4-5. 52. Whose cot =—-• 55. Whose csc =—7. 

Reduce the following and find their values, using the table of 
natural functions : 

56. sin 320°. 59. tan 413° 20'. 62. cot -240°. 65. tan^. 

8 

57. tan 500°. 60. cot 171°. 63. sin 640° 50'. 66. coti. 

68. sin-700°. 61. cos 900°. 64. sin^. 67. cos 1. 

4 
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Find the two least positive values in degree measure of each of 
the following angles, using the table of natural functions : 

68. sin-^09006. 71. sin-^98700. 74. cos-^28402. 

69. cos-i - .97304. 72. cot"^ 2.3559. 75. cot"^ - .54673. 

70. tan-^70455. 73. sin-^ - .65935. 76. tan-^ - .97133. 



77. In finding sect* from secw = ± Vl +tan*M, when must we 
use the -f- sign, and when the — sign ? 

12 

78. Given cosit = — — ; find the other functions of u when u is 

« *^ 
an angle in Quadrant III. 

79. Given tan w = — 2 and cos u positive ; find the other func- 
tions of u, 

80. Which functions of any angle of any triangle are always 
positive ? Which functions may be negative, and in what cases ? 

Prove the following : 

81. sin 0°-f cos 90^ = 0. 86. cot 45"^ + esc 270^ = 0. 

82. sin 180° -f cos 270° = 0. 87. 2 cos 60° + sec 180° = 0. 

83. cos 0° + sin 90° = 2. 88. 2 sin 30° + tan 60° = 1 -f VS. 

84. cos 180° + sin 270° = -2. 89. 3tan210° + 2tanl20°=-V3. 

85. tan45°-fcot90° = l. 90. 5 sec' 135° - 6 cot* 300° = 8. 
Find the values of the following : 

91. sec^-fsm^ ^^^^ cotu = - ^, and u is in Quadrant II. 
CSC u 4- cos u 2 

32 coHucotu-sinuUnu ^^^^ ^.^ ^ 3 ^^^ ^ .^ .^ q^^. 

CSC u — sec u 5 

rant III. 

Ansioers : 1. II. 8. IV. 6. IV. 8. III. 10. cos and sec positive, the others 
negative. 18. All negative except tan and cot. 14. All positive. 16. All neg- 
ative except cos and sec. 17. sin 23'' or cos 67°. 19. - secl9°. 21. tan 60°. 
24. tan 41° 20'. 27. sec 50°. 85. 110°. 87. 50° 27' 48''. 38. No. 40. Yes. 
48. n. 45. III. 47. Two, I, IV. 49. Two. I, II. 62. Two, II, IV. 
66. -.64279. 68. .34202. 68. -.98218. 66. -2.4142. 67. .64031. 
68. 5° 10', 174° 50'. 69. 164° 40', 193° 20'. 70. 35° 10', 215° 10'. 75. 118° 40', 
298° 40'. 77. Use + when m is in I or IV, and — , when u is in II or III. 

79. cot tt = - i, sin u = - =^, esc u = — -— -, cos u = -— , sec u = Vd. 

2 5 2 5 

91. -2. 92. fj. 
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FUNCTIONS OF SUMS AND SUMS OF FUNCTIONS 
87. Functions of u -\-¥ in. terms of the functions of u and ¥. 

Let AiOP(=u), POP{^v), 
and J.iOP'(=w + 'w) 

be acute angles. Draw P'D ± the radius 
0P(=1), and DC, PB^ ± OA^ and ED II OA^ 
whence Z EPD = u. 

The radius being 1, PD = sinv, and 0D = 
cosv; and 

OC ED EP 

-— --=COSW, -zjT=r=SinM, — — -: 




(1) sm{u-^v)=^PB^GD + EP 

.*. sin (c/ + y)= sine/ cosy + cose/ sin y . . . [22] 

(2) COS (t^ + v) = OJS' =OC-ED 

.'. cos(i/ + if) = cosi/cosif — sini/sinif . . . [23] 

Use. These formulas are used in finding the sine and cosine of the sum of 
two angles when the sines and cosines of the angles are known. 

3 4 5 12 

Thus, if sin u = -, cos u = -, sin r = — , cos r = — , then 
5 5 13 13 



by [22], 
that is, 
by [23], 
that is. 



O 16 DO 

cos-1 - + cos-1 — = cos-1 - . 
5 13 66 



8a Generality of [22] and [23]. In deducing formulas [22] and* 
[23], the angles m, v, and w + v were taken, for convenience, less 
than 90** ; we now purpose to show that these important formulas 
are true for all values of the angles u and v. 
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/. Wlien u and v are acute, and w + v > 90®. 

Evidently 90° — u and 90° — v, and their sum, 180° -(w -h v), are 
all acute angles. 

Hence [22^ and [23] are true for these angles. That is, 

sin [180° - {u -hv)] = sin (90° - w)cos(90° - v) -|-cos(90° - w)sin(90° - v), 

cos [180°-(m+v)] =cos(90°-tt)cos(90°-t;)-|-(sin90°-w)sin(90°-v). 

Reducing these by Arts. 82, 85, 

sin (m -I- v) = sin u cos v -|- cos u sin v, 

cos (tt -h v)= cos u cos V — sin w sin v. 

Therefore [22] and [23] are true when u and v are any two acute 
angles. 

II. When u and v are any positive angles. 

Let u and v be any angles for which [22] and [23J are true. , 

Let 90° -h M = w', then 90° + m -h v = w' -h v. 

Taking (1) the sines and then (2) the cosines of both members of 
these equations, whatever may be the value of u (Art. 82), we have 

(1) cos u = sin u\ cos (u + v) = sin (w' -f v), 

(2) — sinw = cosw', — sin(w-|- v)=cos(u' -hv). 

Substituting these values for cos u, cos(u ■+- v), sin u, sin(w -|- v) in 
[23] and [22], we have, respectively, 

sin (m' + v) = sin u' cos v -h cos u' sin v, 

cos (uf'{'V)= cos u' cos V — sin u' sin v. 

Therefore, formulas [22] and [23] are true when u or v,is in- 
creased by 90°, and also true for each repeated increase of one or the 
other angle by 90°. Hence, since they have been proved true for 
any two acute angles, they are true for any two positive angles 
whatever. 

III. When u and v are any negative angles. 

sin(— u — v)= sin — (w + v)= — sin(w -|- v) by [19] 

by [22], = — sin 14 cos v — cos u sin v 

by [19], = sin — tt cos — v + cos — u sin — v. 

In a similar manner it may be shown that [23] is true when u and 
V are negative. 
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The case in which the two angles u and v have contrary signs will 
be considered in Art. 89. 

The other functions of m -h v may be readily derived from [22"] 
and [23]. 

Dividing [22] and [23] by cos u cos v, we have, (/) Art. 21, 

,^. 8in(M -h v) sin t* cos v , cos m sin v , . . . . 

(1) — 1 — ! — ^ = = tanM-htan'y . . (a) 

^ "^ cos u cos V cos u cos V cos u cos V ^ ^ 

/rtx cosCu-hv) costtcosv sin w sin V -, ^ ^ /^v 

(2) — ^^ = = 1 — tan u tan v . (6) 

^ ^ cos w cos V cos 14 cos V cos u cos v ^ ^ 

Dividing (a) by (&), remembering that ^^^ v^ + '^z = tan(M -h v), 

tan(i/ + K)= ,^^+^'^ [24] 

^ ^ 1-tani/tanif *- ^ 

Dividing [22] and [23] by sin u sin v, and proceeding as above, 
remembering that cos -5- sin = cot, we have 

cot(i/ + K)=??^i?^?^-^ 125:\ 

^ cot 1/ 4- cot K ^ -* 

Example, If tan w = - and tan v = -, then by [24] 

that is, tan-i \ + tan-^ \ = tan"^ 1 = 45** = ^ tt. 

2 3 

89. Functions of i/ — k in terms of the functions of u and k. 
Let v be any angle less than 360°, then 360° — v is a positive 
angle, and we may therefore substitute it for v in [22], which gives 

sin (360° + w — v) = sin w cos (360° — v) -f cos u sin (360° — v). 

Now the angles 360° -h w — v and u — v have the same terminal, 
and so have 360° — v and — v ; therefore, sin (360° + w — -y) = sin (w — v) 
and sin (360° — v) = sin — v = — sin v, cos (360° — v) = cos — v = cos v. 

.-. sin (i/ — k) = sini/ cos K — cos 1/ sin K . . . [_2^'] 

This formula may be written (Art. 81) 

sin (w — v) = sin u cos — v + cos u sin — v, 

which shows that [2^"] may be derived from [22] by substituting 
— V for V, and this proves the generality of [22] and also of [23], 
since [23] and [22] are interdependent. 
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Therefore, we may deduce the values of co8(i£ — r), tan(tt — v), 
cot(w — v) from [23], [24], [25] by substituting —v for v, which 
gives (Art 81) 

C08(i/ — if)=co8i/ coBK + sini/ BinK .... [27] 

tan(i/-K)= ,^^^^°'^ . . [28],cot(i/-K)=52i^?-5?^!^ . . [29] 
^ l+tan 1/ tan K •- jj v / cotir-coti/ ^ ^ 

90. Functions of 2 1/ in terms of tbe functions of u. 

Making v = w in [22], we have 

sin (w -I- w) = sin u cos u -h cos u sin w, 

or 8in2i/ = 28ini/co8i/ [30] 

Making v = w in [23], we have 

cos (w -|- w) = cos u cos w — sin u sin w, 

or co8 2i/ = co8^i/ — sin^i/ [31] 

Making v = u\vl [24] and [25], we have 

tan2i/=--^^*?4- . . [32], cot2u^^^p^^ . . [33] 
l-tBs?u ^ -■ 2coti/ ^ ^ 

By these formulas, [30] to [33], the functions of twice an angle 
are found when the functions of the angle are known. 

91. Functions of half an angle in terms of the functions of the angle. 
Take the formulas 

(1) cos^w-|-sin*w = 1 (a) 

(2) cos* u — sin* u = cos 2 ?/ (&) 

(a) + (6), 2 cos* w = 1 + cos 2 w. 

(a) — (6), 2 sin* w = 1 — cos 2 w. 

Putting A in place of 2 u, and therefore ^ -4 in place of w, we have 
2cos*^-4 = l + cos-4 . . . (c), and 2sin*^^ = 1 — cos-4 . . . (d) 



coslA = ±yf±^ . . [34], sin^A = ±yj^-^^ . . [35] 



2 

By division, Art. 70, we have 



The sign before the radical, in each case, is to be determined by 
the quadrant in which the angle ^ A lies. 
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Again, putting ^-4 for w in [30], 

2sin|i*co8|>f = siii>f [38] 

Dividing (d), Art. 91, by [38], 

Dividing (c), Art. 91, by [38], 

<'='-^ [«] 

Examples. By Art. 29, sin 30° = ^, cos 30° = ^ V3, 
.-. By [35], sin 15° =\ ^ ~ j"^ = ^ vTWl: 

By [34], cos 16° =\ ^ "*" j^ = i^2+V3. 

By [39], tan 15^ = ^-W^ = 2 - V3. 
2 

92. Sum and difference of functions* in terms of the product of functions. 

[22] -h \2^\ sin (14 + ^) + sin (w — v) = 2 sin u cos v . . . (a) 

[22] — \2^\ sin (m + v) — sin (m — v) = 2 cos w sin v . . . (6) 

[23] + [27], cos (w + v) + cos (w — v) = 2 cos w cos v . . . (c) 

[23] — [27], cos (w -h v) — cos (w — -y) = — 2 sin w sin v . . (6) 

Making w + v = -4 and u — v=:B, and therefore u = ^(A'\- B), 
and'y = ^(^--B), 

From (a), sin 4 + sin ^= 2 sin | (4 + ^) cos | (4 - ^) . . [41] 

From (&),sin>f- sin ^= 2 cos | (4 + ^) sin | (i« - ^) . . [42] 

From (c), cos 4 + cos ^ = 2 cos | (>» + B) cos | (4 - ^) . . [43] 

From(d),cos>f --cos^ = -2sin|(>H-^)sin|(>f-^) . . [44] 

93. Useful formulas. 

t-^-f-^' :-!H^=^|^ t-3 

f*^^-^t43], i|^±^ = tan|(4 + i^ [46] 
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In [30] make u = ^(A + B), 

8ia(A + B) = 2Bva\(A + B)co8^(A+E) . . (a) 
[41] ^ (a), sinA + ,inB ^ cosl(A - B) 

[42] + (a), Bin>>-eing _ Bta|(>l-g) 

In [44] make A = b — c, and B=a, 

cos (6 - c) -cosa = 28in|(a + 6 - c) sin| (a - 6 + c) [50] 

MISCELLANEOUS EXERCISES 
94. Exercise XIV. 
Prove the following : 

1. sin(90^-|-v)=cosv. 
Writing 90^ for u in [22], 

sin (90° + v) = sin 90° cos v + cos 90° sin v 
= 1 X cos V -h X sin V = cos v. 

2. cos(90° + v)=-sinv. 7. cos (w - 270°) = - sin m. 

3. cos(180°-i;)=-cosu ,, ..,o^„, 1+tan^ 

5. tan (180 + v)= tan v. ^ , ^^. „, 
. • /1QAO ^ . 9. cot(i;-45°)=l±55ii!. 

6. sm(180° — 'u)=sinv. ^ '^ 1 — cotv 

10. sin(60° + v)=^(V3cosv + sinv). 

11. cos(60 — v)= J(cos'y+V3sin'y). 
tan u — VS 



12. tan (m — 60) = 



13. cot(w + 30)= 



14-V3tanw 
V3 cot w — 1 



cot u + V3 

14. sin (30° + w) + sin (30° - u)= cos ?^. 

15. cos(60° + w)+cos(60°-w)=cosw. 

16. tan(45° + w)-tan(45°-w)=2tan2w. 

17. cos 5 u cos 2 w + sin 5 w sin 2 w = cos 3 u. 
In [27] put 5 w f or w and 2 u for v. 
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18. sin {u + v) sin (w — v) = (sin u -h sin 'y)(sin w — sin v). 

[22] X [26], sin (u + v) sin (w — v) = sin* u cos* v — cos* u sin* v. 

Put 1 — sin*v for cos'v, 
and 1 — sin*w for cos*w, = sin*M — sin*v 

= (sin u + sin v) (sin u — sin v) . 

19. cos (u + v) cos (w — v) = (cos u -h sin 'y)(cos u — sin v). 

20. 5iEpHlsi54i^=:tan5M. In [46] make ^ = 7w, J5 = 3w. 
cos 7 w + cos 3 M 

sin 13° + sin V ^ cos 3° „„ sin 9° - sin 5° _ sin 2^ 

sin 20** cos 10° ' sin 14° sin 7° 

23 sinl7tt + sinllti ^ . ^^^ 3 u. Use [41] and [44]. 

cos 17 M — COS 11 w ^ -^ ^ -^ 

24. tan(^ + ^)~tan^^^^ 
l + tan(^ + J5)tan^ 

25. COS* u — sin* M = cos 2 w. 26. tan ^ w = esc t* — cot u. 

27. sin 15° = ^^Ve - V2). In [26], make w = 45°, v = 30°. 

28. cos 15° = \ ( V6 -f V2). In [27], make u = 45°, v = 30°. 
.29. cotl5° = 2 + V3. In [40], make ^ = 30°. 

30. sin22i° = ^V2- V2. In [35], make ^ = 45°. 

31. cos22i° = .^V2 + V2. In [34], make ^ = 45°. 

32. tan 22^° = V2 - 1. 33. cot 22^° = V2 + 1. 

34. sin 3w = 3sinw — 4sin'u. 

sin 3 w = sin (2 w -h w) = [sin 2 u] cos w + sin w [cos 2 u] 
= [2 sin u cos w] cos w + sin w [cos* u — sin* u] 
= 2 sin w cos* u -|- sin u cos* w — sin' u 
= 2 sin w (1 — sin* w) -|- sin m (1 — sin* w) — sin' u 
= 3 sinw — 4 sin'w. 

35. cos 3 14 = 4 cos' w — 3 cos u. 

36. (sin w — sin v)* + (cos u — cos v)' = (2 sin ^ (w — v))*. 

37. tan-ia + tan-i6 = tan-i:^5+A. 

1 — a6 

From [24], we have u^v = tan"^ , ^^^^ ^ + tan v .... (a) 

1 — tan w tan V 

Let u = tan-^ a, v = tan-^ 6, then tan w = a, tan v = ft. Substitut- 
ing in (a), and we get the given relation. 
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38. 2 tan-' a = tan"' r^^- Make 6 = a in Ex. 37. 

1 — a* 

39. sin2« = /*^°" ■ 40. cos2u = ?-*^>. 

l + tan*w 1 + tan'tt 

Note. — The following six formulas serve to change sums to products, and 
thus adapt them to logarithmic computation. 

Prove the following : 

2 
41. cotw-|-tanw = — 



sin2u 



^^^ «, I ^-«« -. cos M , sin u cos* u + sin* u 1 2 

cot u + tan u = -; 1 = — : ■ = -: =5 -; . 

sin u cos u sm u cos ti sin t« cos u sin 2 u 

42. cot u — tan w = 2 cot 2 w. 

43. cot« + tant>=^»«("-^). 

sm u cos V 

' . ^ , . cos M , sin V cos m cos v 4- sin u sin v cos (t* — v) 

cot w -h tan V = -; 1- ^x, ; — ■ = -7— ^ 1. 

sin u cos V sm u cos v sm u cos v 

44. cot«-tanv = °^(" + ^). 

smu cosv 

45. l-|-tanwtanv = 52?i!Lzi2?). 

cosu cost; 

46. C0t«C0t^-l = "°"("t^>- 

Sin u sin V 

47. Show that cos 2 m cos 2 v = 2 sin* m sin* v + 2 cos* u cos* v — 1. 

48. Show that tan3u== ^^,^^ yy ^ 

1 — 3tan*tt 

49. Show that cos 4tt = 1 — 8 8in*w-|- 8 sin*M. 

[Use 4t* = 2 w -h 2 w in [23].] 

60. Show that sin 4 u = 4 sin u cos w — 8 sin' u cos w. 

61. Show that cos 5m = 5cos w — 20 cos'm -h 16 cos*u. 



CHAPTER IV 
OBLIQUE TRIANGLES 

RELATIONS OF SIDES AND ANGLES 

95. Notation. — The angles will be denoted by A, B, C, and the 
opposite sides, respectively, by a, b, c. 

96. Relation of one angle to the three sides. 

B B 





Let the angle, say A, be acute (Fig. 45), or obtuse (Fig. 46). In 
each figure draw BD ± AC, and let y = BD, Then in both fig- 
ures [15], 

AD + DC = AC, oiDC^b'-AD. 

.-. DG^ = b^ + AD''-2bxAD. 

Adding f, DCP + 2/"= &' + A^^-f-^bxAD. 

But 50^4- 2^ = a^ AJ)^'\-f = (?, and since -4i> -5- ^B = cos CAB, 
AD = c cos A, 

.\ a^ = b''hc'-2bccos/l [51] 

By drawing perpendiculars from the vertices C and A to the 
opposite sides, we obtain, in a similar way : 

b^=c^ + a^-2caco8B [52] 

c' = a'-{-b'-2abcosC [53] 

The relation expressed by [51], [52], [53], is often called the 
Law of Cosines, of which the following is the 

56 
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Translation : The square of any side of any triangle is equal to the 
sum of the squares of the other two sides, minus twice the product of 
these sides into the cosine of their included angle. 

While all other trigonometric relations of the sides and angles of 
plane triangles can be derived from the law of cosines, it is often 
more convenient to deduce them by independent methods. 

97. Deduction of formulas by cyclical changes of the letters. Since 
a and A, h and B, or c and C, stand for any side of a triangle and 
the opposite angle, from any formula expressing a general relation 
between these parts another formula may be deduced by changing 
the letters in cyclical order. Thus, in [51] by changing the a to ft, 
the b to c, the c to a, and the A to B, we obtain [52] ; and in [52] 
by making the same or similar changes we obtain [53]. 

96. Relation of the three angles. 

By Geometry, -4 + -B + C = 180°, or C = 180° -(A + B), 

This relation is called the Law of Angles. It may be expressed 
by functions thus : 

cos C = cos [180° - (-4 -h J5)] = - cos {A -f B), Art. 85 
. •. by [23], cos C = — cos AcosB -^siaA sin ^ . .. . [54] 

99. Relation of the sides to their opposite angles. 

From Figs. 46, 46, we have 

y 

- = sin A, OT y = c sin A, 
c 

y 

- = sin C, or y = a sin (7. 

.'. asinC = csin>f [55] 

Cyclically, Art. 97, 6 sin 4 = a sin ^ [56] 

C8in^ = 6 8inC [57] 

This relation may be deduced from [61] and [62] by eliminating c, which 
may be done thus : 

[51]-f[62], c = acosB+ 6cos^ (/) 

[51] - [62], a2 - 62 = (05 cos 5 - 6 cos ^)c {g) 

(/) X {g) > a^-h^ = a^ cos2 B - b'^ cos2 A, 

or a2(l - cos2 B) = 62(1 _ cos2^). 

Whence, [11 ] , a sin 5 = 6 sin A. 
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Formula [55], [56], or [57] may be expressed under the form of 
a proportion, as a: b:: sin A: sin B, which relation is called the 
Law of Signs, of which the following is the 

Translation : Any two sides of any triangle are proportional to the 
sines of their opposite angles. 

100. Relations of the sums and differences of two sides and their 
opposite angles. 

From [56], ? = ^. 

By composition and division, 

g 4- & _, sin ^ 4- sin B 
a — b sin A — sin B 

But by [46], 8in^ + 8in.B^tanK-^ + ^X 
"> L ''J. gin ^ _ sin B tan ^(A - B) 



a-* t»Ji\{A-B) 



[58] 



By cyclical deduction (Art. 97) we may obtain similar expressions 
for the other pairs of sides. 
This relation [p^"] is called the Law of Tangents. 

Translation : The sum of any two sides of any triangle is to their 
difference as the tangent of half the sum of the opposite angles is to the 
tangent of half their difference. 

lOL Relation of the half of one angle to the three sides. 

For brevity, let a4-&-fc = 2«; then a -f- 6 — c = 2(s — c), 
a — 6 -f c = 2 (s — 6), and — a + & -f c = 2 (s — a). 
From (c) and (d). Art, 91, we have 

2 8in*^-4 = l — cos^, and 2cos*^-4= 1 4-cos A 

Solving [51] for cos A, 

cos A = —r 

2 be 
Substituting this value for cos A in the above, and we have 

(1) 2smiA- 2ftc - 2br^ 

^ (a + b-c)(a-b + c) ^ 2(s - b)(s - c) . 
2 6c be ' 
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(2) 2cosH^ = ^^^ + ^'"^^~^' = ^^ + ^^'-^' 

^ ^ ^ 2 be 2 be 

^ (6 + c + a)(b -I- c >- g) _ 2 g(g - a) 
2 be be ' 

., 2sinH^ = ^^"~?^^"^> , and 2cos^A = ^<'-^). 
^ be ^ be 



Whence 



cos 



a.|>l=-J ('-*K'-«) [69] 

i'-V^ m 

and, Art. 70, tan|>f =\ /'^^ "" *)^^ ~ ^) [61] 

* ^ «(* — a) *- -^ 

Cyclically, 

slnl ff ^yj^Z^E^ . [62], 8in| C =.yj^I^Z^ . [65] 
«"l*=>^^ • • [«3]. coslC^yj^ . . [66] 

102. To find the area of any plane triangle. 

I. When the base and altitude are given. 

Let ABCf Art. 96, be the triangle ; then (Art. 51), 

K = lb/ [68] 

II. Wlien two sides and their included angle are given. 

Let b, c, be the sides and A the included angle ; then y = c sin A. 
Substituting in [68], 

iC = lbcsiaA [69] 

III. When the three sides are given. 

By [38], sin -4 = 2 sin ^ ^ cos ^ J. ; hence from [69], 

ir= be sin ^ ^ cos ^ A. 

In this, for sin ^ A and cos \ A, substitute their values from [59] 
and [60], 



Ar = V*(*-a)(*-6)(*-c) [70] 
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103. To find the radius of a circle circumscribed about a triangle. 

Let be the centre of the circle circumscribed about the A ABC, 
and R its radius. 
y^ Z^^^f\^ Through draw the diameter BD and join 

fJ>^/ c\ CD ; then Z DCB = 90°, and 

/q y\ ZCDB = ZCAB = ZA, 

\ / y'^ j .'. CB = BD sin A, ov a == 2 jR sin A, 

^f^ ^ Whence, JR = ^ ^ - 

Fio. 47. 2 8in^ 

2 K 

Again, from [69], sin A = — — > 

be 

■■■ "'It ["] 

104. To find the radius of a circle inscribed in a triangle. 

Let r (= OD=OE= OF) be the radius. 
^S. A ABC = A OAC-^-A OCB^A DBA 

^jCiKe AC , CB . BA 

A ^ D C But A ABC = Vs (s - a)(8 -b)(s- c), 

.-. sr = V« (» — a)(s — &)(s — c), 

whence, ^^ ^('-«)(^-*)(* Eg) [72] 

Cob. I. Dividing [61] by [72], 

tan^^ = (a) 

8 ^~" Ct 

Cyclically, tan ^5 = —^ (b) 

tan^(7 = -^ . (c) 

SOLUTION OF OBLIQUE TRIANGLES 

105. Solvable Triangles. That any plane triangle may be solved 
when any three of its parts, except the three angles, are given, will 
be shown by considering each case that may arise and pointing 
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out the means and method of solution. The three given parts 
may be ; 

I. One side and two angles. 

II. Two sides and the angle opposite to one of them, 

III. Two sides and their included angle, 

IV. The three sides. 

106. I. When one side and two angles are given. 

First, we find the third angle by subtracting the sum of the given 
angles from 180®. We then find the required sides by the law of 
sines, as illustrated in the solution of the following example. 

(1) Given a = 804, A = 99° 56', B = 46° V ; find C, 6, c. 

Statement 

C=180°-(-4 + J5). 

By \_56']y 6 sin ^ = a sin J5 ; 

.-. 6 = -A7Xsin-B. 

smA 

By [55], c sin -4 = a sin C; 

.-. c = -7^X sin (7. 

sin A 

Computation bt Natural Functiohs 
C = 180° - (99° 65' + 45° 10 = 36° 4'. 

b = -^5L. X .70731 = 816.194 x .70731 = 577.30. 
.98506 

c = -M- X .57453 = 816.194 x .57453 = 468.93. 
.98506 

Note. — sin 99* 66' = sm (180° - 99° 66') = sin 80° 5'. 

By Looabithms 

log b = log a -h colog sin A log c = log a ■+■ colog sin A 

+ log sin B. -h log sin C. 

log a = 2.90526 log a = 2.90626 

colog sin J. == 0.00664 colog sin A = 0.00654 

log smB = 9.84961 - 10 log sin g = 9.75931 - 10 

log b = 2.76141 log c = 2.67111 

b = 577.31. c = 468.93. 




62 PLANE TRIGONOMETRY 

107. Exercise XV. 

1. Given 6=30.36, ^ = 103^36', J5 = 19^21'; find (7= 57^ 3', 

a = 89.06, c = 76.89. 

2. Given a = 180, A = 38^ B = 75* 43' ; find 6 = 283.33, c = 267.68. 

3. Given a = 550, A = 10° 12', 5=46° 36'; find &=2266.6, c=2598.9. 

4. Given c = 93, (7 = 60° 5', J5 = 63° 7' ; find a = 89.782, b = 95.701. 

5. Given 6=67.85, JB=13° 57', C=57° 13'; find a=266.4, c=236.6. 

6. Given c=998, A = 37° 58', B = 65"" 2' ; find C, a, 6. 

7. Given a = 4.37, B = 48° 30', C = 72° 8' ; find A, h, c. 

8. Given h = 12.4, A = 65° 15', B = 79° 3' ; find C, a, c. 

9. Given c = .9310, A = 43° 6.4', C= 100° 54.2'; find B,a, 6. 

10. Two ships {A, C) are 1005 
yd. apart (AC), and it is desired to 
know how far each is from a fort 
(B). To this end the angles ACS 
and CAB are measured, and found 
to be 78° 19', 54° 27', respectively. 
What are the distances AB, CB ? 

11. The base of a triangle is 
600 ft., and the angles at the base 

Fig. 60. ^ are 30°, 120°. Find the other sides 

and the altitude. 
12. Two men 1000 yd. apart on a plain, and facing each other, 
find that the angles of elevation of a balloon in the same vertical 
plain with themselves are 53° and 79° 12', respectively. Find the 
distance from the balloon to each observer, and also the height of 
the balloon above the plain. Ans, Height, 1059 yd. 

108. II. When two sides and the angle opposite to one of them are 
given. 

Knowing one angle and its opposite side, we first find the angle 
opposite the other given side by the law of sines. Now, knowing 
two angles, we find the third by the law of angles, and then find 
the remaining unknown side by the law of sines. 

(1) Given a = 117, c = 216, A = 22° 37' ; find C, B, 6. 

Statement 
By[55],asin(7=csin^, ... sinC=^^i^. JB = 180° - (^ + C). 

CL 

By [56], 6 sin ^ = a sin B, .: b = «|HI^ 
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Computation 



log sin ^ = 9.68497 -10 

cologa = 7.93181 -10 

log c = 2.33445 

log sin C= 9.85123 -10 

.-. (7=45^3.9'. 

Whence, 5 =112° 9.1'. 



log a = 2.06819 
colog sin ^ = 0.41503 
log sin ^ = 9.96670- 
log6 = 2.44992 
b = 281.79. 



10 



But in finding an angle from its sine, as C in the above, it should 
be remembered that the supplement of an angle has the same sine 
as the angle. Hence, denoting the supplement of C by (7, and the 
corresponding values of B and b by JB' and 6', we have 



(7' = 180° -(7= 134° 46.1', 

B' = 180° - (^ + C) =22° 36.9', 

6'=^ 



u __a sin B' 



sin -4 



log a = 2.06819 

colog sin ^ = 0.41503 

log sin B' = 9.58494 -10 

log &' = 2.06816 

.-. 6' = 116.99. 



Hence this problem admits of two solutions; that is, there are 
two triangles which satisfy the conditions. The construction of 
the triangle from the data will make this apparent. 

Lay off XAE ?= ^ = 22° 37', and on AE take AB equal to c = 216. 
With ^ as a centre, and a radius equal to a = 117, describe an arc 
cutting AX in C and C Then either of the triangles ABC or 




ABC will fulfil the conditions. In the first C= ACB = 45° 13.9', 
6 = ^(7=281.79, and in the second (7' = ^(7'5= 134° 46.1', 6' = 
AO' = 116.99. 

However, every problem under case II does not admit of two 
solutions ; the data may be such that there may be two solutions, 
one solution, or no solution. 
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The conditions may be determined by examining the expression 

a 

(1) If ^sm^^^^ ^^ a = csinul(= J5Z>), (7 is a right angle, and 

there is but one solution. 

(2) If ?_?^?^ > 1, or a < c sin^ (= BD\ C is an impossible angle, 

a 
and there is no solution. 

(3) If £siii^ < 1, or a > c sin ^ (= BD), C may have two values, 

a 

one less than 90° and the other greater. If a is greater than c, then 
A must be greater than C, and therefore C must be an acute angle. 
That is, the sinaller value only of C is admissible, and there is but 
one solution. If a is less than c, then either value may be taken 
for C, and there are two solutions. 

109. General Solution. Let us find the value of b iu terms of a, c, A, from 
the general relation 

a2 = 62 + c2-26ccosA 

Transpose, b^ — 2(c cos A)b = a^ — c*. 



Solve for 6, b = ccosA± y/a'^ — c^ sin^ A. 

By this result we can compute the value of b by natural functions. By it we 
observe 

(1) In general, b will have two values, which shows that there will be two 
solutions. 

(2) When a<csin J., the values of b will be imaginary, which shows that 
there will be no solution. 

(3) When a = csinA, b = c cos A, which shows that C is a right angle and 
that there will be but one solution. 

(4) When a>c, only one of the values of b will be positive, which shows 
that there vdll be only one solution. 

(5) When a<,c and > c sin A, there will be two solutions. 

HO. Exercise XVI. 
1.* Given a=4.536, c=4.254, ^=37° 9'; find C=34°30', 6=7.129. 
Note. — Since a>c, there is but one solution. 

2. Given a = 22.829, c = 50, ^ = 27° 10' ; find O = 90°, 6 = ? 

Note. — Since a = csin^, there is but one solution, and C = 90°. 

3. Given a = 27.89, b = 22.71, 5 = 65° 38' ; find A, c. 

Note. — Since 6 < a sin B, there is no solution. 
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4. Given c=18, 6 = 20, (7 =55'' 24'; find ^ = 66'' 9', a = 18.64 

and J5' = 113°51', a' = 4.08. 

Note. — Since c < & and c > 5 sin C, there are two solutions. 

5. Given a=168, 6=97, A=2V 31'; find J5=12'' 14', c = 254.4. 

6. Given a = 51, 6 = 33, 5 = 30° 20' ; find A = 51° 18', c = 64.6, 

and J[' = 128°42', c' = 23.4. 

7. Given a =84, 6=69, ^=61° 47'; show that A is impossible. 

8. Given a = 10.3572, c = 12, Jl = 59° 40' ; find (7 = 90°, b = 6.06. 

9. Given 6 = 4.521, c = 5.03, 5 = 40° 32.1'; find = 46° 19', 

a = 6.946, and 0' = 133° 41', a' = .7. 

10. Given a = 186.8, 6 = 394.2, B = 114° 29.8' ; find A, c. 

11. Given a = 4.4, 6 = 5.21, A = 57° 37' 17" ; find B, c. 

12. Given a = 8.716, 6 = 9.787, A = 38° 14' 12" ; find J5, c. 

13. A hill stands on a horizontal plane, and wishing to know the 
distance of a point (A) in the plane from the top (B) of the hill, I 
select a point (O) at the foot of the hill, in the same vertical plane 
with B and A, and find that 5(7 = 910.6 yd., ^C= 770.4 yd., 
CAB = 51° 9.1'. Eequired the distance AB. Ans. 1168.2 yd. 

14. One side of a parallelogram is 40, one of the diagonals 72, 
and the angle between the two diagonals 158° 23.5'. Find the other 
diagonal. Ans. 142.42. 

HI. III. When two sides and their included angle are given. 

By using natural functions, we may first find the unknown side 
by the law of cosines, and then find the two unknown angles by the 
law of sines. 

To use logarithms, we first find the two unknown angles by the 
law of tangents, and then find the unknown side by the law of sines. 

(1) Given a = 17, 6 = 12, = 59° 17'; find A, B, c. 
First Statement 



By [53], c« = a« + 6«-2a6cosC, .-. c = Vc?T6* - 2 a6 cos (7. 

By [55], c sin ^ = a sin C, .*. sin A = • 

c 

B = 180''-(^ + C). 
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Computation by Natural Functions 
c = Vi72"+12'^^2^T7 >ri2 X .51079 = V224.59768 = 14.9866. 

sin A = ^l ^'^^^^ = .97520. .-. ^ = 77^ 12.8'. 
14.9866 

B = 180^ - (59° 17' + 77° 12.8') = 43° 30.2'. 

Second Statement 
^ + 5=180°-C, .-. i(A-{-B) = 90''-^a 

From [58], tan ^^ - ^) = ^^^^^^^55LiM±^. 
^ ■■ ^^ ^ (a + 6) 

By this, we find |(-4-J5). Now, knowing i(^+J5) and ^(A-'B), 
we add their values to get A, and subtract them to get B, since 

A = ^(A + B)-\-UA^B), and J5 = i(^ + 5) -^(^-5). 

By [57], c sin B = b sin C, . •. c = ^4i5_^\ 

•^ ^ -" ' sinB 

Solution by Logarithms 
a + 6 = 29 a-'b^B |(^ + J5) = 60° 21.5' 

log (a - 6) = .69897 log b = 1.07918 

colog (a + 6) = 8.53760 - 10 colog sin B = 0.16216 

log tan i(A + B) = 10.24485 - 10 log sin = 9.93435 - 10 

logtani(^-J5)= 9.48142-10 log c = 1.17569 

^(A'-B) = 16° 51.3'. c = 14.986. 

.-. ^ = 77° 12.8', 5 = 43° 30.2' 

112. Exercise XVII. 

1. Given 6 = 14.367, c = 11.412, ^ = 42°14.6'; find (7=52°21', 

a = 9.69. 

2. Given a = 729.6, 6 = 613.8, C=32°12'; find A, B, c, 

3. Given a = 101.47, c = 99.3§7, J5 = 47°48.2'; find ^ = 67° 27', 

(7 =64° 45', 6 = 81.4. 

4. Given 6 = 99.685, c = 312.375, ^ = 130° 9.4'; find 5 =11° 26', 

a = 384.3. 

5. Given 6 = 3000.9, c = 1587.2, ^ = 86° 4'; find B, C, a. 

6. Given a = 27.43, c = 22.428, ^ = 15° 22.6'; find .4 = 118° 56', 

6 = 8.31. 
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7. In Fig. 46, if 6 = 7, c = 7, and Z BAD = 120% what is the 
value of a ? Ans, 12.124. 

8. Two sides of a triangle are as 5 to 6, and the included angle 
is 15° 28'. Find the other two angles. Ans. 116'' 4'; 48^28'. 

9. Two sides of a triangle are 10 and 11, and b 

the included angle is 50°. Find the third side. ^\ /^^/^N. r 

10. In surveying a tract of land ADCB, I ^^^ r*^ j 

found it impracticable to measure the side AB A^*"*^n 

on account of thick brushwood lying between ^^^ ^^ 

A and B. I therefore measured AEj 9.17 ch., 
and EB, 3.12 ch., and found the angle -dUE;J5= 33° 7.1'. Required 
the distance from ^ to J5. Ans, 6.77 ch. 

113. IV. When the three sides are given. 

By using natural functions we may find the three angles by the 
law of cosines, or we may find the first angle by the law of cosines, 
the second by the law of sines, and the third by the law of angles. 

To use logarithms we find two of the angles by the formulas 
under Art. 101, and the third angle by the law of angles. In select- 
ing the formulas from Art. 101, the formula for cos should not be 
taken if half the angle is near 0°, nor the one for sin if half the 
angle is near 90°. In general, the formulas for the tan are to be 
preferred. 

If all the angles are to be found, it will be most convenient to first 
find the radius of the inscribed circle by [72], and then find A, By 
by (a), (6), (c). Art. 104. 

(1) Given a= 19, 6 = 34, c = 49; find ^, ^, C. 

Statement I 



By [52], b^=:a^-\-c?"2accosB, .\ cos 5 = 
^y [^^]> 6sin^ = asin5, .-. sin -4 = 



2ac 
a X sin -B 



b 
(7=180°-(^-hJ5). 

Computation by Natural Functions 

cos B = lQ' + 49^--34^ ^ 3^251, .-. J5 = 30° 24'. 
2 X 19 X 49 ' 

g.^^^l9_x_^^50603^ 28278, .-. ^ = 16°25.6'. 

34 

C = 180° - (30° 24' + 16° 25.6') = 133° 10.4'. 
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Statement II 



By [60], co3^A = J^^^^. By [63], coa ^B = J^^^. 
C = 180°-(^ + 5). 

Solution bt Logarithms 
log COS I J[ = ^ (log s + log (s — a) -f colog h -f colog c), 
log cos I J5 = } (log s -f log (« — 6) -f colog a + colog c). 

logs = 1.70757 
log (s - 6) = 1.23045 
colog a = 8.72125 -10 
colog c = 8.30980 - 10 
2)19.96907 - 20 
log 008^5 = 9.98453 -10 
i5 = 15°12', 
J5 = 30°24'. 



log 8 = 1.70757 
log (s- a) = 1.50515 
colog 6 = 8.46852 -10 
colog c = 8.30980 - 10 
2)19.99104 - 20 
«-a= 32, log cos 1^ = 9.99552 -10 
s-b= 17. }^ = 8°13^, 

-4=16^26'. 



a= 19 
6= 34 
c= 49 
2s = 102 
s= 51, 



114. Exercise XVIII. 

1. Given a = 7, 6 = 8, c = 9; find ^ = 48**11', C= 73^24'. 

2. Given a = 3, 6 = 8, c = 9; find 5 = 6n3', (7=99^36'. 

3. Given a = 19, 6 = 34, c = 49 ; find A, B, C, and check by the 
law of angles. 

4. Given a = 12, 6 = 16, c = 20; find ^ = 36^52', C=90°. 

5. Given a = 18 6 = 18, c = 30; find ^ = J5 = 33^33', 

C=112''53'. 

6. Given a = 6 = c = 25 ; find A, 

B,a 

7. Given a = 63.89, 6 = 138.24, 
c = 121.15; findJ5 = 9ri8'. 

8. Desiring to know the size of 
the angle XAEy I lay off ^:1B = 26 in., 
AC = 31 in., and then find that the 
distance from ^ to C is 21 in. Find 
the angle A, Ans. 42° 6'. 

9. Two sides of a triangle are 51 and 65, What must their 
included angle be in order that the third side shall be 20 ? 




FiQ. 53. 
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AREA OF AN OBLIQUE TRIANGLE 

US. The area of a triangle is found by Art. 102. 
(1) Given a = 97, 6 = 83, c = 71 ; find the area K. 
From [70], we have 

21ogJBr= (logs) + log(s - a)+ log(« - 6)-f log(s - c). 

a= 97 s = 125.5, log « = 2.09864 

6= 83 «-a= 28.5, log («- a) = 1.45484 

c= 71 s~6= 42.5, log («- 6) = 1.62839 

2« = 251 «-c= 54.5. log («-c) = 1.73640 

« = 125.5. 2)6.91827 

log i2' = 3.45913 

.-. ir= 2878.3. 
116. Exercise XIX. 

1. Given a = 10, 6 = 16, c = 12 ; find K^ 59.92. 

2. Given a =7.9, 6 = 8.96, c = 10.46; find JBr= 34.4. 

3. Given a = 46.7, h = 84.5, c = 75.6 ; find ^= 1755.1. 

4. Given a = 38.09, c = 11.2, J5 = 67''55'; find if. 
6. Given 6 = 12.5, c = 25, ^ = 38°; find ^=96.2. 

6. Given a = 32.5, h = 56.3, G = 47'' 5.5' ; find if = 670. 

7. Two sides of a triangle are 34.56 ch. and 48.5 ch., and the 
included angle is 38" 45' 40". Find the area. Ans. 52.47 A. 

8. Two angles of a triangle are 38** 18' and 91° 28', and the 
included side is 39.5 ch. Find the area. Arts. 62.88 A. 

9. Two sides of a parallelogram are 59.8 ch. and 37.05 ch., and 
the included angle is 72° 10'. Find the area. 

10. In the quadrilateral ABCD, ^^=30ch., BC= 25 ch., CD 
= 37 ch., DA = 13 ch., and the diagonal AC = 40 ch. Find the 
area. Ans, 61.45 A. 

11. Show that the area of a quadrilateral is equal to one-half the 
product of its diagonals into the sine of their included angle. 

12. Show that the area of a regular polygon of n sides inscribed 
in a circle whose radius is R, is one-half the product of n by the 

square of R into the sine of - (360°). 
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MISCELLANEOUS EXERCISES 
117. Exercise XX. 

1. The three sides of a triangle are 8 ch., 9 ch., and 11 ch. Find 
the area. Arts. 3.55 acres. 

2. Two sides of a triangle are 42 ch. and 51 ch., and their included 
angle is 33** 18'. Find the area. 

3. The diagonals of a quadrilateral are 15 and 9.8, and cross 
each other at an angle of 138°. Find the area. Ans. 49.18. 

4. In a field ABCD, the sides AB, BO, CD, DA are 31, 47.2, 
50.4, 21 rd., respectively, and the diagonal AO is 62.2 rd. Find the 
area. Ans, 1192 sq. rd. 

5. The area of a triangle is 54.24, and two of its sides are 10.6 
and 13.8. Find the angle between these sides. Ans, 47° 52'. 

6. The diagonals of a parallelogram are 81 and 106, and cross 
each other at an angle of 29° 18'. Find the sides, angles, and area 
of the parallelogram. 

7. Two sides of a triangle are 112.46 and 99.54, and the differ- 
ence of their opposite angles is 15° 48' 32". Find the third side. 

Ans. 86.02. 

8. The parallel sides of a trapezoid are 57 and 109, and the 
angles at the extremities of the latter are 53° 49' and 67° 55\ Find 
the non-parallel sides. Ans. 56.65 ; 49.35. 

9. From the base of a wall the angle of elevation of the top of a 
pole is 23° 19', and from a window 31.5 ft. above, it is 14° 13'. 
Find the height of the pole. Ans. 76.42 ft. 

10. From a ship the horizontal angle subtended by a round fort 
is 8° 20', but if the ship were to go 680 ft. nearer to the fort, it 
would be 10° 12'. Find the distance of the ship from the fort. 

11. From a point at the foot of a mountain, the elevation of the 
top is 60°. After going 1760 yd. towards the top up a plane making 
an angle of 30° with the horizon, the angle of elevation of the top is 
75°. Find the height of the mountain. Ans. 4164.2 yd. 

12. A person goes 84 yd. up a slope of 2 feet in 7 from the edge 
of a river, and observes that the angle of depression of the edge of 
the water on the opposite side is 2J-°. Find the width of the river. 

Ans. 530.53 yd. 
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13. The sides of a triangle are 17, 21, 28. Find the two angles 
into which the largest angle of the triangle is divided by drawing a 
line from its vertex to the middle point of the opposite side. 

14. To find the distance between two inaccessible points, A and 
B, a line CD, crossing ABy is measured, its length being 600 ft. The 
angle DOB = 58° 12', CDB = 49° 38', ACD = 74° 16', ADC = 62° 13'. 
Find AB, Ana. 1151 ft. 

15. One side and the opposite angle of a triangle are 309 and 
21° 14.4' ; if one of the remaining sides is 360, what is the other ? 

Ans, 615.7 or 56.41. 

16. Wishing to find the " high water width " (AB) of the Missis- 
sippi Eiver directly in front of the Louisiana State University, that 
is, the distance from the railroad (A) on one side to the levee 
(B) on the other, the following measurements were made: a line 
AC = 1000 ft. along the railroad track, ZJ5^C=94°, ZBCA = 
70° 41.6'. Eequired the width AB. Ans. 3575 ft. 

17. The "low water width " (BC) of the Mississippi River at the 
same point as in Ex. 16, is 2950 ft., and from a point (A) of the 
university campus overlooking the river, the angles of depression 
of the nearer (B) and further (C) edges of the water are 7° 49.8' 
and 56.4'. Required the height of the university campus above 
the " low water." Ans. 54.96 ft. 

18. In measuring a line from A to B, whose direction was 
N. 40° E., it was found to cross a marsh, say M. To pass around 
M, a distance CD = 144.31 ch. was measured, starting from a point 
C of AB, and making with AB an angle BCD = 19° 54.4'. At D it 
was found that a line DE, making an angle CDE = 140° 10.3' with 
CD, would cross the line AB at some point, say G, beyond M. 
Find the distances DG and CG, and also the angle DGB in order 
that the course of AB may be resumed. 

.4ns. DG = 143.98 ch. ; CG = 271.06 ch. ; DGB = 160° 3.7'. 

19. When the elevation of the sun is 48°, a pole, standing verti- 
cally on a slope whose angle with the horizon is 15°, casts a shadow 
directly down the slope 44.3 ft. long. How high is the pole ? 

Ans. 30.06 ft. 

20. Three circles whose radii are 12,' 16, and 25 are tangent exter- 
nally. Find the angles between the lines joining their centres. 
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21. The three points Ay B, Care in a horizontal plane, and CD is 
a vertical pole ; AB = 435.53 ft., CAB = 140° 40.2', CBA = 10° 7.6', 
CAD = 32° 45.6', CBD = 10° 7.3'. Find the height (CD) of the pole. 

Ans, 101 ft. 

22. Between the points A and 5, a distance of If miles, the grade 
of a road on a straight line would be 1 foot in 40. What would be 
the length of a zigzag road from Ato B that would have a grade of 
1 foot in 70 ? 

23. An engineer, desiring to know the distance between two 
hostile forts (A, B) on the same horizontal plane, goes up in a balloon 
to the height of 517.3 rd., and from that point (C) observes that 
the angles of depression of A and B are 21° 9' 18" and 23° 15' 34", 
and that the angle ACB = 15° 13' 15". Find the distance between 
the forts. Arts, 383.35 rd. 

24. The four sides of a city block are AB = 423.24, BC= 162.36, 
CD = 420.80, and DA = 160.60 ft., the first two sides being perpen- 
dicular to each other. Find the angles between the other sides. 

25. On the bank of a river there is a column 200 ft. high sup- 
porting a statue 30 ft. high ; the statue to an observer on the oppo- 
site bank subtends an equal angle with a man 6 ft. high standing 
at the base of the column. Required the width of the river^ 

Ans, 10^/TTE ft. 

Note. — After the student has learned to compute readily by natural func- 
tions and logarithms, it will be sufficient to give only the statements in solving 
problems like the two following. 

26. Wishing to determine the distance between two objects (A, B) 
on the opposite side of a river, I lay off a line, CD = 800 ft., along 
the river, C being nearly opposite A ; and then find by measurement 
that ACB = 67° 20', ACD == 94° 20', ADB = 53° 20', BDC = 98° 35'. 
Find the required distance AB, 

27. Given AB = 800 yd., ^C= 600 yd., BC = 
400 yd., ADC = 33° 45', BDC = 22° 30'. Required 
g AD, CD, BD. 

AD=710.15 yd., Ci)=1042.5 yd., BD=934..2S yd. 

Hint. — Describe the circumference through A, B, Z>, 
and draw AE, BE ; then EAB = BDC, and EBA = ADC, 
Find Z ABC, Art. 113, then Z EBC, then EB, then Z C, 
Art. Ill, etc. « 
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CHAPTER V 
RIGHT SPHERICAL TRIANGLES 

DEFINITIONS AND ELEMENTARY PRINCIPLES 

118. Spherical Triangle. Let A, B, C, be any three points on the 
surface of a sphere whose centre is O. Through (1) O, A, B, 
(2) O, Aj (7, (3) O, Bj C, pass planes forming the triangular spheri- 
cal pyramid whose vertex is O, and 
whose base is ABC, then the figure 
ABC is a spherical triangle, of which 
the three sides, AB, AC, BC, are arcs 
of great circles, and the three angles, 
A, B, C, are equal to the plane angles 
which measure the diedral angles of 
the pyramid. 

119. Spherical Trigonometry treats 
of the trigonometric relations among 

the sides and angles of a spherical triangle. These relations are not 
affected by varying the radius of the sphere ; that is, they are inde- 
pendent of the radius. Hence, for simplicity, the radius, in this 
book, will always be considered unity or 1. Under this supposition 
the relative lengths of the sides AB, BC, AC, are the circular 
measures of the face angles of the pyramid AOB, BOC, AOC, 
respectively. 

120. Notation. As in Plane Trigonometry, the angles of triangles 
will be denoted by A, B, C, and the opposite sides by a, b, c. The 
sides are usually expressed in degree measure ; that is, a, b, c, stand 
for the numbers of degrees in the arcs CB, AC, AB, or the angles 
COB, AOC, AOB. 
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121. Parts. Every spherical triangle has six parts, — three sides 
and three angles. Any two parts are said to be of the same or 
different apecie* according (1) as they are both less or greater than 
90°, or (2) as the one is less and the other greater than 90**. 

122. A spherical triangle is called trirectangular when it has 
three right angles, and birectangular when it has two right angles. 

123. Geometric Properties. This book treats only of spherical triangles 
whose parts are each less than 180*^. Of these the following properties are 
proved in Geometry : 

1. The sum of any two sides of a spherical triangle is greater than the third 
side. 

2. In any spherical triangle, the greater side lies opposite the greater angle ; 
and, conversely, the greater angle lies opposite the greater side. 

8. The sum of the sides of a spherical triangle is less than 360*^. 

4. The sum of the angles of a spherical triangle is 
greater than 180°, and less than 540°. 

5. If A^B'O is the polar triangle of ABC, that is, if 
A, B, and C are the poles of the sides B'C\ C'A', and 
A'B'y respectively, then, conversely, ABC is the polar 
triangle of -4'^' C". 

^ 6. In two polar triangles, each angle of one is meas. 
ured by the supplement of the side lying opposite the 
homologous angle of the other ; that is, 

a' = 180° -A. h' = 180° - B, c' = 180° - C. 

A' = 180° -a. B' = 180° -b. C = 180° - c. 
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124. Let C be the right angle of the right spherical triangle 

ABCy O the centre of the spherej and 
OA, OB, OC radii, each equal to 1. 

Draw BD ± 00 and BE ± OA-, 
draw ED, then ED is ± BD and OA, 
since ED and DB are the projections 
of EB on the perpendicular planes 
OCA and OCB. 

,\ BD = sin a, 0D = cos a, 
BE = sin c, OE = cos c. 




Fio. 67. 



The right triangle OED gives 
0E= OD COS b', that is, 



cos c =cos a cos b 



[73] 
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Since BE and DE are ± OA, Z DEB = Z A; hence 

sin a = sin if sin c 



(1) sin^ = ^ = 5in« 



BE sin c 

Similarly, 

(2) cosJL = —— = —— ; 

^ ^ ^^ O^ tan c ' 

Similarly, 

(3) cot^ = -— = - 



sin 6 =7 sin S sin c 
cos A = tan 6 cot c 
cos B = tan a cot c 
sin 6 = cot if tan a 
sin a == cot B tan b 
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[74] 
[75] 
[76] 
[77] 
[78] 
[79] 



DB ODtsLua 

Similarly, 

[73] X [76] X [76], 

cos c sin 6 cos ^ = cos a (cos b tan b) (sin c cot c) sin -B 
= cos a sin 6 cos c sin 5. 

.*. cosif = sin S cos a [80] 

Similarly, cos S = sin if cos 6 [81] 

By [73], [80], [81], cos c = cos a cos b = 52^4 x ^^^ ^ 



sin B sin ^ 



cos c = cot A cot B 



[82] 



125. Generality of the Formulas. The preceding ten formulas 
have been proved only for the case when the legs (a, b) are both 
<90®. It therefore remains to be shown that they are also true 
(1) when one of the legs is < 90° and the other > 90°, and (2) when 
both legs are > 90°. 

B 





Fig. 68. 



Fig. 59. 



In Fig. 58, let a > 90° and b < 90°, and in Fig. 59, let a > 90° and 
b > 90°. In both figures, precisely as in Fig. 57, draw BD ± 00 
(produced) and BE ± OA (produced, if necessary), then draw ED, 
Just as in Art. 124, ED will be ± BD and OA, and therefore 
-BZ) = sin a, 02) = cos a, J5^ = sinc, 0^ = cosc, ZDEB = ZA, 
Consequently the proofs under Art. 124 apply, word for word, to 
each of these cases, and the ten formulas are therefore general. 
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126. Relations with Respect to Species. I. It is evident from [73] 
that cos c is positive when cos a and cos b have the same sign, and 
negative when they have opposite signs; therefore the hypotenuse (c) 
of a right triangle is acute or < 90° when the two legs (a, b) are of the 
same species, and obtuse or > 90° when they are of different species, 

II. Since each part is < 180°, sin a is always positive. It is 
evident then from [79] that cot B or tan B and tan b always have 
the same sign; that is, either oblique angle and its opposite side are 
always of the same species, 

12n. Napier's Circular Parts and Rules. Formulas [73] to [82] 
are used in solving right spherical triangles, and the difl&culty of 
remembering and producing the right forjnula for any given case is 
largely removed by the use of Napier's Circular Parts and Rules, 
which we will now explain. 

90'C^ 

90-A 

b 
Fig. 61. 

128. Circular Parts. Instead of writing the triangle in the usual 
way, as in Fig. 60, we write it as in Fig. 61 ; that is, instead of the 
hypotenuse and the two oblique angles their complements are 
employed, the right angle C being omitted. The five parts, a, b, 
90° - A, 90° - c, 90° - B, are Napier's Circular Parts, and with re- 
spect to any part, as 90° — A, the parts standing next to it in the 
figure, 90° — c and 6, are called the adjacent parts, and the other two 
parts, 90°— B and a, the opposite paHs, With respect to the part 
90°— c, 90°— A and 90°— B are adjacent parts, and a and b opposite 
parts. 

129. Rules. I. The sine of any part is equal to the product of the 
tangents of the adjacent parts, 

II. The sine of any part is equal to the product of the cosines of the 
opposite parts. 

Note. — These Rules may be more easily remembered by observing that in 
Rule I the descriptive terms adjacent and tangents contain the vowel a, and in 
Role II the descriptive terms opposite and cosines contain the vowel o. 
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In illustration of these Rules let us, by them, produce formulas 
[73] to [82], We may select any part to begin with, as a (Fig. 61), 
then by Rule 

I. sin a = tan (90° — B) tan 6, or sin a = cot jB tan 6, 

II. sin a = cos (90°— A) cos (90°— c), or sin a = sin -4 sin c, 

which are formulas [79] and [74], 

Again, beginning with 90°— B, we have by Rule 

I. sin (90° — 5) = tan a tan (90° — c), or cos B = tan a cot c, 

II. sin (90°— B) = cos b cos (90°— A), or cos B=cosb sin A, 

which are formulas [77] and [81]. 

Let the student in a similar manner produce the other six formulas 
of Art. 124. 

That the formulas thus obtained by the Rules are the same as 
those obtained in Art. 124, is a proof of the correctness of the Rules. 

SOLUTION OF RIGHT SPHERICAL TRIANGLES 

130. Solvable Cases. It is possible to solve, by means of formu- 
las [73] to [82], any right spherical triangle when two of its parts, 
not including the right angle, are given. 

131. Method without Napier's Rules. Teachers of Trigonometry 
differ as to the advisability of using Kapler's Rules. Some think it 
preferable to remember the formulas by their analogy to the corre- 
sponding ones for right plane triangles. This analogy is very strik- 
ing when presented as follows : 

Denote the corresponding sides and angles of a plane right tri- 
angle also by a, b, c. A, B, C, and we have 

For Plane /^ 
8inif=?. 



G 

COS if = — 
G 

tan>f = ?. 



cos if =sinS. 
cotj|cotS = l. 

C2 = fl2^62. 



For Spherical A 




Sine 


■ [83] 


tanc 


. [84] 


sino 


• [85] 


cosif = sin/?cosa . 


• [86] 


cotif cot /? = cose . . 


• [87] 


cos c = cos a cos 6 . 


, [88] 
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These six formulas, including the four which may be derived from 
[83], [84], [85], [86] by changing A, B, a, b, in cyclical order, are 
the same as formulas [73] to [82]. 

To solve a triangle without the use of Napier's Rules, we take from 
formulas [83] to [88], in order, those which involve the given parts 
and the required part, remembering that [83] to [86], by cyclical 
changes, can be used for B as well as A, 

132. Method by Napier's Rules. Draw a figure like Fig. 61, and 
mark the given parts, as in the following example. There is always 
one of the unknown parts which is either adjacent or opposite to the 
two given parts, and this is the part to be found first; and it is 
found by Rule I or II, according as the given parts are adjacent or 
opposite to it. 

We proceed in a similar manner to find the other parts, though 
with greater facility, since we have more known parts to take as the 
adjacent or opposite parts. 

133. About the Signs. Careful attention must be given to the algebraic 
signs of the functions, remembering that the cos, tan, cot of an angle between 
00° and 180° is negative. The signs of the required functions can usually be 
determined by the formulas on the principle that the product or quotient (1) of 
like signs is +, and (2) of unlike signs is — . In computations by logarithms 
the signs of the functions need not be carried along with the work, but the 
proper sign, as determined by the formulas, must be prefixed to the result. 

If a given cos, tan, or cot is (1) +, the corresponding angle is the acute angle 
given by the tables; (2) if -, the corresponding angle is the supplement of the 
acute angle obtained from the tables. 

In finding the angle corresponding to a given positive sine, since the sine of 
an angle is the same as the sine of its supplement, both the acute angle obtained 
from the tables and its supplement must be retained as solutions, imless one or 
the other is seen to be inconsistent with the principles of Art. 126. 

134. Number of Cases. The two given parts may be (1) the two 
legs; (2) the hypotenuse and one leg; (3) one leg and the opposite 
angle; (4) one leg and the adjacent acute angle; (5) the hypotenuse 
and one acute angle ; or (6) the two acute angles. These several 
cases are solved in a similar manner, and two or three examples will 
serve to illustrate the process. 

Note.— In the solution of the following illustrative examples, the formulas in 
the second statement are derived by means of Napier's Rules. The teacher can 
use whichever method he prefers. The Author has usually employed Napier's 
Rules ; they are thought to expedite the work of the student, and aid him in 
retaining the formulas. 
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135. Ulttstrative Examples. 

(1) Given a = 132^ 6', 6 = 77° 51' ; find A, B, c. 

First Statement Second Statement 

By [88], cos c = cos a cos h. By II, cos c = cos a cos b. 

By [85], tan -4 = tan a -$- sin 6. By I, cos -4 = tan 6 cot c. 

By [85], tan B = tan b -$- sin a. By I, cos B = tan acot c. 

Check : By [87], cot ^ = cos c tan B, or tan A tan 5 cos c = 1. 

Note. — Of the required parts, there are two ways of finding their quadrants : 
(1) By Art. 126, since a>90°, -4 must be >90°; since 6<90°, J5must be <90°; 
and since a and b are of different species, c must be > 00^ (2) Referring to the 
first statement, since cos a is — and cos& is +« cose must be — , and there- 
fore c > 90° ; since tan a is — and sin 6 is + , tan A must be — , and therefore 
A > 90° ; and since tan 6 is + and sin a is +> tan B must be +) and therefore 
^<90°. 

Computation 

log COS a = 9.82635 - 10 log tan a = 10.04404 - 10 

log cos b = 9.32319 - 10 colog sin b = 0.00984 

log cos c = 9.14954 - 10 log tan ^ = 10.05388 - 10 

180^ - c =81^ 53.3', 180^ - ^ = 48^ 32.7 ', 



c =98° 6.7'. ^ = 13r27.3'. 

log tan 6 =10.66697-10 log cose = 9.14954-10 

colog sin a = 0.12961 log tan^ = 10.05388 - 10 

log tan 5 = 10.79658 - 10 log tan^ = 10.79658 - 10 

B = 80° 55.4'. log 1 = .00000. 

(2) Given a = 170° 38', JB = 100° 40' ; find A, b, c. 

First Statement Second Statement 

By [86], cos A = cos a sin B, By II, cos J. = cos a sin B. 

By [85], tan 6 = sin a tan 5. By I, sin 6 = tan a cot -4. 

By [84], tanc = tan a -f- cos -B. By II, cose = cos a cos 6. 
Check : By [84], cos A = tan b -i- tan c. 

Note. — The quadrants in which A, b, c lie may be determined as in the pre- 
ceding examples. It is sufficient to note that, since cos^ and tan& are — , in 
finding the angles corresponding to these, the supplements of the acute angles 
obtained from the tables must be taken. 
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Computation 
log COS a = 9.99417 - 10 log sin a = 9.21152 - 10 



log sin B = 9.99243-10 
log cos ^=9.98660-10 
180^-^ = 14^10', 
^ = 165° 50'. 

log tan a =9.21735-10 
colog cos B = 0.73261 
logtanc = 9.94996 - 10 
c =4r42.4'. 

B 



log tan^ = 10.72504 - 10 
log. tan 6 = 9.93656-10 
180^-6 =40^50', 
h =139^10'. 

Check 
log tan 6 =9.93656-10 
colog tan c = 0.05004 
log cos ^=9.98660 -10 



(3) Given 6=68^35', £=82^25'; find a, c, A. 

First Statement 
By [85], sin a = tan b -5- tan B, 

By [86], sin ^ = cos -B -?- cos 6. 

By [83], sin c = sin 6 -h sin B. 

Second Statement 
By I, sin a = tan h cot B, 

By II, cos A = cos a sin B, 

By I, cos c = cos a cos 6. 

Check : By [83], sin A = sin a -f- sin c. 



Note. — In cases of this kind, where a leg and its opposite angle are given, 
the other leg must be determined by its sine, and may therefore have two values, 
— these values being the supplements of each other. Hence, this case, in gen- 
eral, admits of two solutions. 

Thus, if ABC is the given triangle, and BAB'C is a lune whose angle 
B = B' = 82° 26', then each of the triangles ABC, AB'C will fulfil the con- 
ditions. It is evident that the two values of a (BC, B'C), the two of 
A (CAB, CAB'), and the two of c (AB, AB') are supplements of each other. 




Computation 



log tan b = 10.40646 - 10 
colog tan .8= 9.12428 - 10 
log sin a = 9.53074-10 
a = 19^ 50.5' 
or a = 160° 9.5'. 



or 



log cos 5 = 9.12047 -10 
colog cos b = 0.43753 
log sin A = 9.55800 - 10 
^ = 2ril.2' 
^ = 158° 48.8'. 



By the third formula, we find, in like manner, 
c = 69° 54.7', or 110° 5.3'. 
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136. Exercise XXI. 

1. Given a = 55^ 28', 6 = 63^5'; find c=75°13', ^ = 58*^26', 
£ = 67° 27'. 

^. Given a = 50° 30', b = 72° 50' ; find c. A, B. 

3. Given c = 110° 30', a = 50° 45' ; find 6 = 123° 37', A = 55° 46', 

£ = 117° 14'. 

4. Given c = 67°, a = 70° 18' ; find h, A, B, 

5. Given a = 151°, ^ = 125° 31'; find c = 36°33', 6 = 156° 42', 

£ = 138° 23', or c' = 143°27', 6' = 23° 18', £' = 41° 37'. 

6. Given h = 128° 33', £ = 105° 59' ; find a, c, A. 

7. Given a = 118^ 54', £=12° 19'; find c = 118° 20', 6 = 10° 49', 

^ = 95° 55'. 

8. Given h = 31° 27', A = 49° 51' ; find a, c, £ 

9. Given c = 69° 25.2', ^ = 54° 54.7'; find a = 50°, 6 = 56° 51', 

£ = 63° 25'. 

10. Given c = 93° 12', £ = 67° 34' ; find a, b, A. 

11. Given ^ = 113° 9.2', £ = 130° 18.3'; find a = 121° 2', 6 = 134° 

43', c = 68° 44'. 

12. Given A = 94° 25', £ = 59° 43' ; find a, b, c. 

13. Given c = 59° 3', ^1 = 147° 32'; find a, 6, £. 

14. Given a = 30° 32.4', £ = 36° 44'; find 6 = 20° 46', c = 36°22'. 

15. Given a = 28° 47', b = 110° 27.3' ; find c, A, £ 

16. Given ^ = 90°, £ = 90°; find a = 90°, 6 = 90°, c = 90°. 

17. Given a = 90°, 6 = 90°; find c = 90°, ^ = 90°, £ = 90°. 

18. Given a = 90°, £ = 90°; find c=90°, 6 = 90°, ^1 = 90°. 

19. Given a = 20°, ^ = 20°; find c = 90°, 6 = 90°, £ = 90°. 

20. Given c = 90°, -4 = 90 ; find a = 90°, 6 and £ indeterminate. 

21. Given c = 90°, a = 90° ; find A = 90°, 6 and £ indeterminate. 

Prove the following : 

22. eos^ a cos* £ = sin* A — sin* a. 

23. sin* a sin* £ = sin* A — cos* £. 

24. tan*^ J. = sin(c — 6) -f- sin (c + 6). 

25. li A = 36° and £ = 60°, then a + 6 + c = 90°. 
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137. Isosceles Triangles. By Geometry, an isosceles spherical 
triangle is divided into two equal right triangles by drawing the 
arc (y) of a great circle from the vertex to the middle point of 
the base (b). Therefore, an isosceles triangle is solvable when one 
of these right triangles can be solved. 

(1) Given a=c = 110^ 47.3', B = 92° 14.6' ; 

solve the isosceles triangle ABC, 

Statement and Answers 

ZABD = iB = 4:6''7.3'. 

cos c= cot A cot ^B, .•. cot -4= cos c tan ^ B ; whence -4= 110** 16'. 

sin ^ 6 = sin c sin ^ -B ; whence b = 84** 44'. 

cos^-B=tanycota, .\ tan y= cos ^-B tan a; whence y=118**43'. 

13& Exercise XXII. 

Solve the following isosceles triangles in which a = c: 

1. Given u4 = 82° 26', JB = 64°42'; find a = 77°54', 6 = 63° 5'. 

2. Given a = 112° 25', b = 123° 48' ; find ^ = 140° 35', B = 145° 12'. 

3. Given A = 62° 37', a = 74° 13' ; find By b. 

4. Given a = 6 = c; find sin^ J. = ^sec^a. 



CHAPTER VI 



OBLIQUE TRIANGLES 

RELATIONS OF SIDES AND ANGLES 

139. Relation of one angle to the three sides. 

B 





Let the angle, say A, be acute (Fig. 63), or obtuse (Fig. 64). 
In each figure draw BD, the arc of a great circle, ± AC, and let 
y = BDy u = Z ABD. 
In both figures (Art. 58) 

AD-\-DC= AC, OT DC=^b-AD, 

.-. cos DC = cos b cos AD + sin b sin AD, 

or (sin AD = sin c sin u) 

cos DC = cos b cos AD + sin 6 sin c sin i^ . . . (a) 
(a)x cos 2^, 

cos DC cos y = cos b cos AD cos y -f- sin 6 sin c sin u cos y. 

But cos DC cos y = cos a, cos ^Z> cos y = cos c, 

and sin u cos y = cos A. 

.*. cos a = cos 6 cose + sin A sine cos if . . . . [89] 

Cyclically, cos 6 = cos e cos a + sin c sin a cos ^ . . . . [90] 

cos c = cos a cos 6 + sin a sin 6 cos (7 . . . . [91] 

While all other trigonometric relations of the sides and angles of 
spherical triangles can be derived from [89], [90], [91], it is often 
more convenient to deduce them by independent methods. This 
fundamental relation corresponds to that of Art. 96 in Plane Trigo- 
nometry, and is called the Law of Cosines. 

83 
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140. Rdatkm of one side to the three mn^eB. 

Applying [89] to the polar triangle A'B'C (Fig. 56), 

cos a' = cos b' cos c' + sin b' sin c' cos A*. 

But since o' = 180" - A «>' = 180** - 6, c' = 180' - (7, ^' = 180° - a, 
we haye, by Art. 85, 

— cos ^ = (— cos JB)(— cos C) 4- sin J5 sin C(— cos a), 

or oosif =^oos0oosC + 8in08mCoosa .... [92] 

Cyclically, coo = — cos C cos if + sin Cain if cos 6 .... [93] 

cosC = — cosif cosff + sinif sinffcosc .... [94] 

This relation, like the corresponding one in Plane Trigonometry 
(Art. 98), is called the Law of Angles. 

141. Passing to Polar Triangle. The preceding process is called 
"applying the formula to the polar triangle" or "passing to the 
polar triangle." By this process any formula expressing a relation 
between the sides and angles of any spherical triangle may be im- 
mediately transformed into another, having angles where the origi- 
nal had sides, and vice versa, 

142. Relation of two sides to their opposite angles. 
In Figs. 63, 64, 

(1) sin y = sin a sin C, 

(2) sin y = sin c sin A. 

.'. 8ina8in(7 = 8inesin>f [95] 

Cyclically, sin 6 sin >f = sin a sin ^, [96] 

sine 8in^ = 8in6 sin C [97] 

This relation may be deduced from [89] and [90] by eliminating c, which may 
be done thus : 

[89] + [90], (cos a + cos b) (1 - cos c) = sin c(sin acosB + sin b cos A) . [98] 

[89] - [90], (cos a — cos b) (1 + cos c) = sin c(sin a cos J5 + sin b cos A) . (gr) 

[98] X (g) , (cofl« a - cos^ b) (1 - cos^c) = sin^ c(sin2 a cos^ B - sin2 b cos^ A) . 

Divide by 1 — cos* c = sin* c, make cos* a = 1 — sin* a, cos* 6 = 1- sin* 6, 
sin* a - sin* b = sin* a cos* B - sin* b cos* A, 

Whence, sin a sin B = sin b sin A, 
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formula [95], [96], or [97] may be put in the form of a propor- 
tion, as 

sin a : sin 6 : : sin A : sin B. 

That is, in spherical triangles, the sines of the sides are proportioned 
to the sines of the opposite angles, which property is called the Law of 
Sines. 



143. Relation of the half of one angle to the three sides. 

For brevity, let 2 s = a + 6 + c, then a+6 — c = 2(s — c), a — 6 + c 
= 2 (8 - &), and -- a + 6 + c = 2 (8 - a). 

Solving [89] for cos^, 

^^ ^ cos a — cos & cos c 

cos A = : — ; — : • 

sm sm c 
Substituting this value of cos A in 

(1) 2sin*^^ = l-cos-4, and (2) 2 cos* J -4 = 1 + cos -4, 
21 A _ sin 6 sin c + cos b cos c — cos a 



(1) 2sm^A 



sin b sin c 



by [271 = cos(&-c)^cosa 

sin 6 sine 

bv r501 = ^ sin^(a -f & - c) sin^(a - 6 + c) , 

^ ^ -* sin 6 sine ' 



(2) 2cos*|^ = 



2 1 J _ 8in68ine — cos 5 cos e + cos a 



sin b sin e 



by [231 = cosa-cos(& + c) 

-' sin b sin e 

iD[50]putc = -c,=^"°^(" + ^ + f>^^°^(^ + '^-'^> 
"- -"^ ' sin sin c • 



■•■ Biniyf = A^' (*-*)"''' ^*~-g^ . . . . [99] 
» \ sin A sine "- -" 



^ \ am A Sin c 



sinAsinc 
Whence (Art. 70), 



tanM = x/g^^~*)^^(^"^) . . . . [101] 
» >/ sins sin («-o) ^ -^ 
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CyclicaUy, ^^B^,^^^^^ [102] 



co8|/? = A^^*^$3 [103] 

« ^ sincsina ■- -■ 

a \ 8in»8ln(»-6) ■■ -' 

sinlC = J^IIE^^!pZ*l. . . . [106] 

* ^ 8ina8in6 "^ 



co8|g = V ''^"^<*-'^> [106] 

* ^ sin a sin o 



» Af 8in«8in(«-(?) •- -" 

144. Relation of the half of one 8ide to the three angles. 

These relations may be derived from [92] just as [99] to [107] 
were from [89]. 

Thus, let 2S=^A-hB-\-C, then A + B- C = 2{S -C), A^B 
+ C ^2{S - B)y2^TL^B + C - A = 2{S - A). Solving [92]foreosa, 

cos B cos C + cos A 



cos a = - 



sin B sin C 



Substitute this value of cos a for cos a, in 

(1) 2 sin^^a = 1 — cos a, and (2) 2 cos^^a = 1 + cos a, proceed in 
the same manner as in Art. 143, and we obtain : 



8in|«=JI^i?i^MEZJ [108] 

« V sinAsin<7 ^ "^ 



C08la = J""'(^-^)""'i^-^. . . . [109] 



tania=A/I^'=°°^""^^~^)-. . . [110] 



cos {S-B)coa(S- C) 



sinlb = JI^l^^^ [Ill] 



coal A = Jco8(^- g) cos (j? - A) ^jg] 



OBLIQUE TRIANGLES 87 






145. Relation of one side to the other two sides and their opposite 
angles. 

Dividing [98] by sine and, by [39], we have 

(cosa + cos6)tan|c = sinaco8^ + sin6cos>f . . [117] 

which is one relation of the side c to the other two sides (a, b) and 
their opposite angles (A, B) ; but let us put it under a more conven- 
ient form. 

sin h sin A 



Making sin a = ■ 



sin-B 



(cos a + cos c) tan 4 c = -: (sin A cos B + cos A sin B\ 

sin JB 



or, by [22], 



sin 6 



(coso + cos6)tan^c = ^8in(>l-f^) .... [118] 

This is another form of the required relation, but it may be 
reduced to a still more convenient form. 

The proportion, sin a : sin 6 : : sin -4 : sin B, 

taken first by composition, and then by division, gives 

sina + sin6 = 4^(sin^ + sin£) . ...(/) 

sin a — sin 6 = -^HL^ (sin ^ — sin 5) .... (^) 
sm jB 



Dividing (/) by [118], and, by [46], [48], we have 



tan^c cos|(^ + ^) 



[119] 
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Again, dividing (gr) by [118], and, by [47], [49], we have 
tan|(o-«) On^iA-ff) 



tan|c 8in|(^+^ 



[120] 



Formulas [119] and [120] are known as the first and second of 
Napier's Analogies. 

146. Relation of one angle to the other two angles and their opposite 
sides. 

Applying [119] to the polar triangle A'B'C, Fig. 56, 

tan^c' cos^(^' + £') ^"^ ^ 

Now since a'=180^-^, &'=180-£, c'=180°-C, ^'=180^-a, 
and 5'=180°~6, i(a' + 6') = 180° --^(^4-5), ic' = 90°-|C7, 
i{A'-B')=:-i(a-h), and|(^' + 5') = 180°-i(a + 6). There- 
fore (/) becomes (Arts. 27, 85), 

tan|(^ + /y) ^ cosi(a~6) ^^^^^ 

cot^C co8|(a + 6) 

« 

Again, applying [120] to the polar triangle, and proceeding in a 
similar manner, we find 

tan^(i<-/?) _ sin|(a-6) ^^^^^ 

cot|(? sin|(a-f6) 

Formulas [121] and [122] are called the third and fourth of 
Napier's Analogies. 

SOLUTION OF OBLIQUE TRIANGLES 

147. Solvable Triangles. It will appear as we proceed that when 
any three of the six parts of a spherical triangle are given, the re- 
maining three may be found. The three given parts may be 

I. Two sides and their included angle. 

II. Two angles and their included side. 

III. Two sides and the angle opposite to one of them. 

IV. Two angles and the side opposite to one of them. 
V. TJie three sides. 

VI. The three angles. 
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14& How spherical triangles may be solved. If the triangle to be solved 
falls under Case II, IV, or VI, it may be reduced to Case I, III, or V, respec- 
tively, by passing to the polar triangle. 

Thus, if the given parts are Ay (7, 6, as in Case II, we can find a', c', B' of 
the polar triangle by the relations a' = 180° - ^, c' = 180° - C, B' = 180° - 6. 
That is, of the polar triangle the known parts are as in Case I. By solving this 
triangle we find A'j C", b', from which we can find the unknown parts of the 
given triangle by the relations a = 180° -A'j c = 180° - C, B= 180°- b'. 

Therefore, it will be sufficient to show how Cases I, III, and V may be solved. 

By using natural functions we really need only the three formulas [89], [96], 
and [117], or [118] or [119], and those which may be deduced from these by 
cyclical deduction. An example under each case must suffice to illustrate the 
process, as more convenient methods of solution will be subsequently presented. 

niuatrative Examples. Case I. Given a = 98°, c = 00°, B = 110° ; find 
A, C, 6. 

Statement 

By [90], cos b = cos a cos c + sin a sin c cos B, 

By [96], sin ^ = sin a sin J3 -^ sin b. 

By [97], sin C = sin c sin J5 -i- sin b. 

Computation 
cos6 =(- .13917)(.6) + (.99027)(.86003)(-. 34202) = - .06968 - .29332 
.-. b = 180° - 68° 43.3' = 111° 16.7'. 



sin A = -^^P^ X .99027 = 1.00844 x .99027 = .998627. .-. A = 86° 59.8'. 

.93183 

sin C = 1.00844 x .86603 = .873339. .-. C = 60° 50.9'. 

Case IH. Given a = 42° 46', b = 47° 15', ^ = 56° 30' ; find J5, C, c. 

Statement 

By [96], sin JB = sin & sin Jl H- sin a. 

Now we may express c in terms of a, 6, A^ B by means of [117], [118], [119], 
or [120], but the last two involve the least labor. 

By [120], tanic = sini(-B + ^)tani(6-a)-^sini(J5-^). 

By [95], sin C = sin c sin ^ -^ sin a. 

Computation 

sin B = '-^^ X .73432 = 1.228475 X .73432 = .902094. 
.67880 

/. J5 = 64° 26'. 

^^ J ^ ^ .87007 X .03929 ^ ^^^^^ . ^ ^ ^go 35,^ 

.06919 
sin C = 1.228476 x .79424 = .975704. .-. C = 77° 21'. 
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Ca8B v. Given a = 38^ h = 42% c = 61° ; find A, B, C. 

Statement 

By [89], cos A = (cos a - cos 6 cos c) -s- sin h sin c. 

By [96], sin B = (sin -4 -r- sin a) sin 6. 

By [95] , sin C = (sin A h- sin a) sin c. 

Computation 

008^ = (.78801 - .74314 x .62932) -s- .66918 x .77715 

= .32034 ^ .52001 = .61602. .-. A = 51° 58.4'. 

«n -B = 47^1 X -WOIS = 1.27947 X .66918 = .85613. 
.61566 

.-. B = 68° 53'. 

sin C = 1.27947 x .77715 = .99434. .-. C = 83° 54'. 

We will now consider the six cases of solvable triangles in order, and show 
how they may be solved by direct solutions, and by using formulas which are 
adapted to computation by natural functions or logarithms. 

149. I. When two sides and their included angle are given. 

We first find the two unknown angles by Napier's Analogies, and 
then find the unknown side by the law of sines or by one of 
Napier's Analogies. 

(1) Given a=62^ 38', 6=10^ 13' 19", C=160^ 24' 12" ; find c, A, B. 

Statement 

By [121], tani(^ + £)=cosi(a-6)cot^C-^cosi(a + &). 

By [122], tan^(-4 -5) = sin^(a-- 6) cot J C7-i-sin^(a -f b). 

By [120], tanic = sin^(^ + ^)tan J(a-6)-f-sini(^-£). 

Check: sJnA^sjnB^smC^ 

sin a sin b sin c 

Computation 
^ (a - 6) = 26"" 12.3', ^ (a -f 6) = 36° 25.6', ^ 0= 75° 12.1'. 
log cos i- (a - 6) = 9.95290 - 10 log sin ^ (a - 6) = 9.64502 - 10 
log cot i C7 = 9.42190 - 10 log cot J C7 = 9.42190 - 10 

colog cos ^ (a + 6) = 0.09441 colog sin |(a + 6) = 0.22636 

log tan ^ (-4 + 5) = 9.46921 - 10 log tan ^ (^ - B) = 9.29328 - 10 
^ (^ + -B) = 16° 24.8'. i(A-B)=^ 11° 6.9'. 

.-. ^ = J(^ + £) + i(^-5) = 27°31.7'; 
B = i(A + B)-^(A^B) = 5''17.9\ 
log sin |(-4 + £) = 9.45111 
log tan i (a - 6) = 9.69213 
colog sin i(A-B) = 0.71494 .-. ^ c = 35° 48.4', 

log tan I c = 9.85818 c = 71° 37'. 
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150. Exercise XXIII. 

1. Giveaa = 72°, 6 = 47^ 0=33"; find ^ = 121" 33', 5 = 40'' 57', 

c = 37^ 26'. 

2. Given 6= 78° 15', c = 56''20',- ^ = 120°; find £ = 62° 32', 

0=48° 57', a = 107° 8'. 

3. Given 6 = 137°, c = 116°, ^ = 68° 33' 45"; find £= 130° 48', 

C=94°l', a = 57° 

4. Given a=101°31', 6 = 36° 16.5', C=112°42.9'; find ^=78° 19', 

£ = 36° 15', c = 112°38'. 

5. Given a = 40° 18', c = 100°42', £ = 62° 30'; find^, (7,6. 

151. II. When two angles and their included side are given. 
(1) Given A = 78° 19', B = 36° 15', c = 112° 38' ; find a, b, C. 

Statement 

By [119], tani(a + 6)=cosi(^-J5)tanic-!-cosK^H-^) • (.0 
By [120], tani(a--^)=sini(^-£)tanic-i-sini(^-f £) . {g) 
By [122], cot i 0= sini (a-f 6) tan |(^-£)^ sin i (a -6). 

By (/) we find the value of ^(a + 6) and by (^), the value of 
^ (a — 6) ; we then add these values to get a, and subtract them to 
get b. We may use the law of sines as a check, as in the preceding 
case. 

Computation 

i(^ 4- £)= 67° 17', i(^ - £)= 21° 2', |c = m"" 19'. 
logcosi(^-£)= 9.97005-10 logsini(^-£)= 9.55499-10 
logtan^c =10.17620-10 log tan ^c =10.17620-10 

cologcosi(^+£)= 0.26722 cologsin^(^-f £)= 0.07502 

log tan i (a + 6) = 10.41347 - 10 log tan ^ (a - 6) = 9.80621 - 10 
^(a -f 6)=68° 53.74'. \(a - 6)=32° 37.25'. 

.-. a = 101° 31', b = 36° 16.5'. 

log sin i (a + 6) = 9.96985 - 10 
log tan J (^ - £) = 9.58493 - 10 
colog8ini(a-6) = 0.26835 ... ^C7= 56° 21.44', 

log cot J = 9.82313 - 10 C = 112° 42.9'. 
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152. Exercise XXIV. 

1. Given A== 78^ B = 41°, c=108°; find a = 95° 38V 6 = 41° 52', 

C=110°48'. 

2. Given A = 62° 54', C = 125° 20', b = 5e'' 39.5' ; find a = 83° 12', 

c = 114°30', 5 = 48° 30'. 

3. Given ^ = 101° 17' 48", 5 = 64° 52' 50", c = 28°l'58"; find 

a = 67° 35', b = 58° 36', C = 29° 54'. 

4. Given5=64°26'4", C7=77°21'36", a=42°45'; find 6 = 47° 15', 

c = 53° 35' 20", ^ = 56° 30'. 

6. Given A = 105° 36', C7= 73° 50', b = 120°; find B, a, c. 

153. III. When two sides and the angle opposite to one of them are 
given. 

(1) Given a = 42° 45', b = 47° 15', A = 56"" 30' ; find J5, C, 

Statement 

By [96], sin 5 = sin 6 sin ^ -5- sin a (/) 

By [122], tan|C=sin(6-a)cot^(J5-^)-*-sini(6 + a) . (g) 

By [126], tan^c = smi(B + A) ta.ni(b - a)-j- sin^iB-A) . (h) 

Since B is to be found from its sine in (/), it will have two values 
if sin bsiuAK sin a, and the triangle will, in general, admit of two 
solutions. If sin 6 sin ^ > sin a, there will be no solution, for then 
sinjB>l. 

In order that either of these values found for B may be admis- 
sible, it is necessary and sufficient that, when substituted in (g) and 
(h), they give positive values for tan^ C and tan^c, or, which is the 
same thing, that B— A and 6 — a have the same sign. 

This case is analogous to Case II in Plane Trigonometry, Art. 108, 
though it is somewhat more complex. 

Computation 

log sin b = 9.86588 - 10 i(b + a)= 45°, 

colog sin a = 0.16826 |(&-a)= 2° 15', 

log sin A = 9.92111 - 10 ^B + ^) = 60° 28' 2", 

log sin J5 = 9.95525 -10 i(B-A) = 3°58' 2", 

.\B= 64° 26' 4", i(5'-f^) = 86° 1'58", 

B' = 115° 33' 5&'. i (5' -A) = 29° 30' 58". 
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Since both values of B are such that jB — u4, J5'— -4, and 6 — a are 
all positive, there are two solutions. 

(1) When 5 = 64^26' 4". 

logsin^(6-a)= 8.59395-10 log sin |(B-}-^)= 9.93956 -10 

cologsin^(6+a)= 0.15051 colog sin ^(5-^) =1.15998 

log cot i(£-^) =11.15894- 10 log tan ^(6 -a) =8.59428 -10 

logtan|C7= 9.90340-10 log tan ^c= 9.69382 -10 

1 0=38° 40.8', I c=26° 17.65', 

(7=77° 21.6'. c=52°35.3'. 

Proceeding in the same manner with the other value of By viz., 
B = 115° 33' b&\ we find C" = 11° 11.7', and c' = 9° b.^\ 

154. Exercise XXV. 

1. Given 6 = 99° 40', c = 64°20', J5 = 95°40'; find ^ = 97° 19', 

C= 65° 29', a = 100° 42'. 

2. Given a = 109°20', c = 82°l'8", ^ = 107° 40'; find (7=90°, 

5 = 113° 33', 6 = 114° 48'. 

3. Given a = 99° 40' 48", h = 64° 23' 15", A = 95° 38' 4"; find 

B = ^b"" 33' C = 97° 2& c = 100° 49'. 

4. Given a=46° 20.75', 6=65° 18.25', ^=40° 10.5'; find 5=54° 6', 

C = 116° 55', c = 90° 32', B' = 125° 54', C = 24° 13, c' = 27° 23'. 

5. Given a = 30° 40', c = 67° 24', A = 50° 18.5' ; find C, B, b. 

155. lY. When two angles and the side opposite to one of them are 
given. 

This case reduces, by passing to the polar triangle, to the preced- 
ing case, and gives rise to the same ambiguities. Hence, the same 
remarks made in Art. 153 apply in this case also. 

(1) Given ^=66° 7' 20", B=52°50'20", a=59°28'27"; find 6, c, C. 

Statement 

^y [^^]> sin 6 = sin -B sin a -f- sin ^ (/) 

By [119], tan^c = cos^^ + B) tan^(a + 6) h- cos^ (^ - B). 
By [121], tan 1 C = cos H« - ^) ^ot ^(A-^ B)-^ cos ^{a-h b). 
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Computation 
By (/), we find 6 = 48^ 39.3', or = 131° 20.7' ( = 6'). 

The second value of b is inadmissible, since -4 — J5 is positive, and 
a — 6' is negative, and hence there is only one solution. 

i{A + B)=: 59" 28.8', ^ (a + 6) = 54° 3.9', 

i (J. - J5) = 6° 38.5', i (a - 6) = 5° 24.6'. 

logcos^(^+J5)= 9.70572-10 logcos|(a-6)= 9.99806-10 

log tan ^(a+ft) =10.13975-10 logcoti(^-|-B)= 9.77050-10 

colog cos i {A^B)= 0.00293 colog cos ^ (a+6)= 0.23145 

logtanic= 9.84840-10 log tan ^(7= .00001 

ic =35° 11.8', iC7=45% 

c =70° 23.6'. C=90°. 

156. Exercise XXVI. 

X. Given B = 116°, C= 80°, c = 84°; find 6 = 114° 49', a = 82° 54', 
J. = 79° 18'. 

2. Given A = 62°, C = 101° 58' 24", a = 64° 30' ; find c = 90°, B = 

63° 47', 6 =66° 30'. 

3. Given B = 73°, C = 81° 20', b = 122° 40' ; show that the triangle 

is impossible. 

4. Given A = 117° 54.4', B = 45° 8.6', a = 76° 37.5'; find b = 51° 18', 

c = 41°5', C=36°39'. 
6. Given A = 130° 10', C = 59° 13', c = 48° 25' ; find B, a, b. 

157. v. When the three sides are given. 

The angles are found by means of the formulas in Art. 143. If 
all the angles are to be computed, the formulas for the tangent are 
not only the most accurate in general, but the most convenient, since 
only four different logarithms are required. If but one angle is 
required, the formula for the cosine will be foimd to involve the 
least work, though it will lack precision if the angle is near 0°. 

If all the angles are required, it is convenient to modify the 
formulas for tangents as follows: 



By [101], tan|^ =xBi> ^) ^^ (" 7 '') x gJEJ^ 
^ sin s sin (s — a) sin (s — a) 



sin s sin (s — a) sin (s — a) 



1 ji 

sin(s — a)^ 



' sin (s — g) sin (s — b) sin (s — c) 
sins 



OBLIQUE TRIANGLES 

Making T =xH (^ - ^) '^^ (^ - ^) '^^ (^ =^, 

^ sins 

then tan J -4 = • 



95 



tan|(7 = — 



sin (,s — a) 

Cyclically, tan 1 5 = . / > .-,_ , ^ . . 

sin(« — 6) ^ sin(s — c) 

Whence, log r = ^ [log sin (s — a) + log sin (s — h) 

+ log sin (s — c) + colog sin s] ; 

log tan^-4 = logr + colog sin (s — a); 
log tan ^ J5 = log r + colog sin {s — h) ; 
log tan ^ C = log r + colog sin (s — c). 

Having found the log r by the first of these formulas, we then 
determine the angles in a very simple manner, as indicated by the 
last three formulas. 

(1) Given a =112° 6' 42", 6 = 127** 39' 12", c = 7r 12' 42"; find 
A, B, a 

Computation 



2s = 310^ 



s =155° 29.3' 



^-a = 43° 22.6' 



s- 6 = 27° 50.1'. 

log sin (« - a) = 9.83682 - 10 

log sin (s- 6)= 9.66924-10 

log sin (s - c) = 9.99783 - 10 

colog sin s = 0.38208 

2 logr = 19.88597 -20 

logr= 9.94298-10 
colog sin (» - 6) = 0.33076 

log tan I J5 = 10.27374 - 10 
iJ5 = 61°58', 
B = 123° 56'. 



5 -c = 84° 16.6'. 

logr= 9.94298-10 
colog sin (« — a) = 0.16318 

log tan ^ J. = 10.10616 - 10 
•^ J. = 51° 56', 
J. = 103° 52'. 

logr = 9.94298 -10 
colog sin (« - c) = 0.00217 

logtan^ (7 = 9.94515-10 
iC=41°23.5', 
0=82° 47'. 



15& Exercise XXVII. 

1. Given a = 38°, 6 = 42°, c = 51°; find u4=51° 58', J5 = 58° 53', 

C=83°55'. 

2. Given a = 126°, b = 152°, c = 75° ; find ^ = 142° 24' ; i5 = 159° 16', 

C=133°14'. 
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3. Given a = 101° 31' 1", 6 = 36^6' 29", c = 112°38'; find A = 

78° 19', B = 36° 15', C = 112° 43'. 

4. Given a = 71° 15', & = 40°35', c = 39°10'; find J. = 130° 35' 55", 

J5 = 31°26'32", C= 30° 25' 34". 

6. Given a = 60° 13', b = 70° 24', c = 80° 27' ; find A, B, C. 

159. VI. When the three angles are given. 

The sides are computed by means of formulas [108] to [116]. 
The formulas for the tangents are in general to be preferred, and 
they may be modified as in Case V. 

(1) Given A = 150°, B = 131°, C= 115° ; find the side c. 

Let us find c by the formula for cosine [115], viz. : 



^ sin A sin B 

Computation 

2 5 = 396°, log COS (S-A)= 9.82551 - 10 

S = 198°, log cos (/S - B) = 9.59188 - 10 
S-Az= 48, colog sin ^ = 0.30103 

/8-J5= 67°. colog sin i5 = 0.12222 



160. Exercise XXVIII. 



2)19.84064 - 20 
log cos i c = 9.92032 - 10 
ic = 33°39.4', 
c = 67° 18.8'. 



1. Given -4 = 74°, 5 = 82°, C=67°; find a = 68°46', 6 = 73° 48', 

c = 63°12'. 

2. Given A = 91° 10', B = 85° 40', (7 = 78° 30' ; find b = 85° 49'. 

3. Given ^=154° 4.2', 5=87°27.1', C= 76° 32.4'; find a=156°12.2', 

6 = 112° 48.6', c = 63° 48.9'. 

4. Given ^ = 70°, 5 = 132°, C = 94° 25.89'; find a = 57° 54', 

6 = 137° 56.3', c = 116°. 

5. Given ^ = 95° 37', 5 =113° 40', (7 =78° 50'; find a,b,c. 

161. Quadrantal Triangles. A spherical triangle is called quad- 
rantal when one of its sides is equal to a quadrant. The polar tri- 
angle of a quadrantal triangle is a right spherical triangle. 

Hence to solve a quadrantal triangle we may solve its polar tri- 
angle as in Chap. V, and take the supplements of the results. 
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AREA OF SPHERICAL TRIANGLES 

162. The Spherical Excess (E) of a spherical triangle is the amount 
by which the sum of the three angles exceeds 180° or w. Thus, 

A-\-B+C-ir — E . , (a) 

It is shown in Geometry that the areas of two spherical triangles 
are to each other as their spherical excesses, and also that the area 
of a trirectangular triangle is ^nr^, and its spherical excess 90°. 
Hence if K is the area of any triangle and E^ its spherical excess, 
we have 

■•■'={my ^'''^ 

Example, On a sphere whose radius is 15 ft., a triangle has 
A = 78° 3', B = 90° 50.4', C = 100° 21.6'. Find K 

78° 3' + 90° 50.4' + 100° 21.6' = 269° 15' = 269.25°. 

^ = 269.25-180 = 89.25. 

K= ^^ TT (15)2 gq^ ft. = 350.5 gq. ft. 

163. Lhuiller's Theorem. This elegant formula, by which the 
spherical excess is expressed in terms of the three sides, may be 
deduced as follows: 

^^''i^-cosiC^-f^-fC-TT) 

_ sin ^(^ 4- Jg)- sin ^(tt - C) 
"" cos^(^ + J5) + C0S|(7r -C) 

_ sin \(A -f ^)- cos I (7 
■" cos ^(^ 4- J5) + sin ^ (7 

_ sin ^ ^ cos ^ i5 + cos ^ ^ sin -^ -B — cos ^ C 
"~cos^-4 cos^i5 — sin^ J. sin | J5 + sin ^ (7 

Substituting from [99] to [107], and reducing. 



tan^£ =-^tan|« tan |(« - fl)tan|(« - 6)tan|(« - c) . [124] 

We find E by (a). Art. 162, or [124], according as the three angles 
or sides are given ; in all other cases we solve the triangle so far as 
to find the angles or sides, and then apply (a) or [124]. Having 
found E, we obtain the area by [123]. 



98 SPHERICAL TRIGONOMETRY 



APPLICATIONS OF SPHERICAL TRIGONOMETRY 

IM The Terrestrial Sphere is the earth regarded as a sphere. 

The distance between any two points on the surface of the ter- 
restrial sphere is the shortest distance measured along the surface 
from one of the points to the other, and is therefore the arc of a 
great circle which joins the points. The angles between this arc 
and the meridians of the points determine the bearings of the points 
from each other. 



165. Relation of the distance between two points on the surface of 
the terrestrial sphere to their latitudes and longitudes. 

Let A and G be the points, then the distance from -4 to C is the 
arc AG of the great circle passing through the points. Let B be 

the pole, EA'E' the equator, BAA' and 
^^...J^j^^^^ BCC meridians passing through A and 

y^"^ \\^X ^' *^®^ *^® ^^^® "^^^ ^"^^ ^^' ^^® *^® 

/ \ V/ \ latitudes of the points and the arc AG\ 

I ^ i'tA^^ \ ^^ *^® angle ABG^ is the difference of 

L'"'' X/ \ ""V their longitudes. Hence, since AB 

^'L„^ _ /\_ Ji^ =90°--4^', (7i5=90^-(7C", and angle 

y^ y K ^' J ABG=^AOf the distance between the 

\ y^ / two points is one side {AC) of a spheri- 

Xs^^^^ ^^ cal triangle (ABC), of which the opposite 

FiQ. 65. angle (B) is the difference of longitudes 

of the points, and the other two sides 

(AB and CB) are the complements of the latitudes of the points. 

When AC has been found in degrees (say d®), its length in miles 
may be computed thus : 

360® : d® : : circumference of great circle : length. AC 

Taking the radius of the terrestrial sphere as 3956 miles, the 
circumference of a great circle is 7912 w miles, and hence 

The length of AC = ^^^^ miles. 

166. Exercise XXIX. 

1. Boston lies in lat. 42®21'K, Ion. 71° 4' W.; and the latitude 
of Greenwich is 51° 29' N. Find the direction and the distance in 
miles of Greenwich from Boston. Ans, 3275.2 mi., N. 53° 6.5' E. 
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2. New Orleans is in lat. 29° 58', Ion. 90*^3', and Washington, 
D.C., is in lat. 38° 53', Ion. 77° 1'. Find the direction and distance 
in miles from New Orleans to Washington. 

3. If a railroad were run on a straight line from San Francisco 
(lat. 37° 48', Ion. 122° 25') to New York (lat. 40° 43', Ion. 74°), what 
would be the distance and direction ? 

4. Given the latitudes and longitudes of three places (A, B, C) 
on the earth's surface, and also the radius of the earth ; show how 
to find the area of a spherical triangle formed by arcs of great 
circles passing through Ay B, C, 

1G7. The Celestial Sphere is an imaginary sphere of indefinite 
radius, upon the surface of which all the heavenly bodies appear to 
be situated. 




Fig. 66. 



Let be the position of an observer on the surface of the earth, 
and the sphere whose radius is ON, the celestial sphere. 

The Zenith (Z) is the point in the surface of the celestial sphere 
directly over the observer's head, or the point at which a vertical 
or plumb line at O pierces the surface of the celestial sphere. 

The Poles (F, P') are the points in which the axis of the earth 
pierces the surface of the celestial sphere. 
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The Horizon is the great circle NESW, having Z for a pole, and 
the Celestial Equator is the great circle EQWQ'f whose poles are 
Pand P'. 

The Noon-Meridian is the vertical circle ZFN passing through 
P and N, N being the north point of the horizon. 

Let i5 be a heavenly body. In consequence of the earth's rotation 
about its axis, B appears to describe a small circle about P as the 
pole, apparently moving in the direction EQWQ'. 

Let ZBT and PBT be quadrants of great circles perpendicular, 
respectively, to the horizon and the celestial equator. The Altitude 
of the body B is the arc TB, the Declination of B is the arc DB, the 
Azimuth of B is the angle NZT, and the Hour-Angle of B is the 
angle ZPB. 

The Latitude of the observer is the arc QZ. Since OP=ZN, 
NP= QZ\ that is, the elevation of the pole above the horizon is equal 
to the latitude of the place, 

168. Relation between the latitude of an observer and the altitude, 
the declination, the azimuth, and the houi^angle of a heavenly body. 

In the spherical triangle ZBP, ZB = 90° '-TB = 90° - the alti- 
tude, 5P = 90°-Z>J5=90°-the declination, ZP = 90°-QZ=90°- 
the latitude, Z PZB = the azimuth, and Z ZPB = the hour-angle. 
That is. 

The complements of the latitude, altitude, and declination are the 
sides of a spherical triangle of which the hour-angle and the azimuth 
are the angles opposite the last two sides, respectively. 

If any three of these five elements are known, the other two may 
be determined by solving the spherical triangle. 

169. To determine the hour of the day, omitting refraction. 

If the altitude and declination of the sun are known, and the lati- 
tude of the observer, the three sides of the triangle BPZ are known, 
and the hour-angle BPZ may be computed. 

If 24 hours be multiplied by the ratio of this angle to 360°, we 
obtain the time required for the sun to move from B to the meridian 

QP- 

If this time be subtracted from 12 o'clock if the observation is 
made in the morning, or added if made in the afternoon, we obtain 
the hour of the day at the time and place of observation. 

If the Greenwich time of the observation be noted on a chro- 
nometer, the difference between this and the local time as calculated 
above serves to determine the longitude of the place of observation. 
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In reducing time to longitude, it should be remembered that 24 
hours of time correspond to 360® of longitude; that is, 1 hour of 
time corresponds to 15° of longitude, 1 minute to 15', and 1 second 
to 15". 

170. Exercise XXX. 

1. Given the latitude of a place 40*36.4', declination of star 
23° 4.4', its hour-angle 46° 40' ; find its altitude = 47° 15'. 

2. Given the declination of a star 17° 50', its altitude 31° 18', its 
azimuth 129° ; find its hour-angle, and the latitude of the observer. 

3. Given the latitude of a place 44° 50' 14", the azimuth of a star 
124° 15', and its hour-angle 20° ; find its declination. 

4. Given the latitude of a place 36° 34', altitude of sun 26° 6', 
its declination + 42° 42' ; find the local apparent time, it being after- 
noon. Ans, 5 hr. 46 min., p.m. 

6. A mariner observes the altitude of the sun to be 14° 18', its 
declination being 18° 36' N. If the latitude of the vessel is 50° 
13' N., and the observation is made in the morning, find the hour of 
day. If the observation is taken at 9 a.m., Greenwich time, what is 
the longitude of the vessel ? 

Ana. Time, 6 hr. 1 min. ; longitude, 44° 49' W. 



FIVE-PLACE 

LOGARITHMIC AND TRIGONOMETRIC 

TABLES 



^n^^ 



FIVE-PLACE 
LOGARITHMIC AND TRIGONOMETRIC 

TABLES 



WITH THE 



ELEMENTARY PRINCIPLES OF LOGARITHMS 

AND EXAMPLES OF THEIR USE IN. 
COMPUTATIONS 



ARRANGED BY 



J. W. NICHOLSON, A.M, LL.D. 

PROFESSOR OF MATHEBIATICS, LOUISIANA STATE UNIVERSITY AND 
AORICULTURAL AND MECHANICAL COLLEGE 



Nebj gorfe 
THE MACMILLAN COMPANY 

LONDON: MACMILLAN & CO., Ltd. 

1898 

All rights reserved 



COFTRIOHT, 189S, 

By the MACMILLAN COMPANY. 



Norinooti ^xttt 

J. S. Gushing * Co. - Berwick * Smith 
Norwood Mail. U.S.A. 



PREFACE 

These Tables have been prepared chiefly for use in solving the 
exercises in the author's text-book on Trigonometry. In compiling 
them the objects have been (1) to make them sufficiently accurate 
for educational and all ordinary practical purposes, and (2) to con- 
dense them so as to secure the great convenience of compactness. 
They are based on the five-figure tables of Gauss, and, while arranged 
in such a manner that the three tables together occupy only about 
forty pages, are thought to be unexcelled in clearness of typography. 

For the benefit of those who have never studied the theory of 
logarithms, the elementary principles of logarithms, with examples 
of their use in numerical computations, have been inserted in the 
Introduction. 
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PRINCIPLES OF LOGARITHMS 

1. Definitions. If a and a' are any two real numbers such that 

a = 10«', 

then a' is the logarithm of a to the base 10, which is written 
a' = logio a, or a' = log a, the base being understood. 
Thus, 100 = 102, and 18 = lO^-^^^^r -.^ 

.-. log 100 = 2, and log 18 = 1.25527 .... 

That is, the logarithm of any number, to the base 10, is the exponent 
of the power to which 10 must he raised to produce thai number. 

Any positive number, except 1, may be taken as the base of a 
system of logarithms. Logarithms to the base lo are called Com- 
mon Logarithms, and are the only ones used for numerical compu- 
tations. 

The integral part of a logarithm is called the Characteristic, and 
the decimal part the Mantissa. 

Thus, of the logarithm of 18, 1 is the characteristic, and .25527 
is the mantissa. 

The Significant Part of a number is that part of the number which, 
ignoring the decimal point, embraces only and all its significant 
figures. 

Thus, the significant part of 2400. is 24 ; of 2.030, 203 ; of .00108, 
108; of .00023070, 2307. 

2. Principles. I. The logarithm of a product is equal to the sum 
of the logarithms of the fo/ctors. 

For, let a = 10«' . . (/), and 6 = 10*' . . . (^) 

then log a = a', and log 6 = 6' (h) 

(f)x(g), a6 = 10-+^ 

.-. (Art. 1), log(a6) = a'+6', 

or by (h), log (ab) = log a + log b. 

7 
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3. II. The logarithm of a quotient is equal to the logarithm of the 
dividend minus the logarithm of the divisor, 

ror,Art,2,(/)^.(^), ^ = 10-'-^ 



.•;(Art,l), logg)=a'-6', 

or by (h), log f~\ = log a - log b. 

4. III. The logarithm of any power of a number is equal to the 
logarithm of the number multiplied by the exponent of the power. 

For, Art. 2, (/)', a' = lO'*'. 

.-. (Art. 1), loga''=23a', 

or by {h)y log a''=px log a. 

5. IV. The logarithm of any root of a number is equal to the 
logarithm of the number divided by the index of the root 

For, Art. 2, VCfj, Va = 10"'. 

.-. (Art. 1), log -Va = —7 

or by (^), log Va = (log a) -f- r. 

Note. — The preceding principles are evidently common to all logarithms, 
whatever may be the base ; but the following belongs only to common log- 
arithms, and this is the chief reason why they only are used in practical 
computations. 

6. V. The mantissas of the common logarithms of any tivo numy 
bers having the same significant parts are the same. 

For, take any two numbers having the same significant parts, as 
170. and .0017. 

Then 170. ^ .0017 = 100000 = 10^ 

.-. (Arts. 1, 3), log 170. - log .0017 = 5. 

That is, the difference between the two logarithms is an integer ; 
hence they have different characteristics and the same mantissa. 
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FINDING THE COMMON LOGARITHMS OF NUMBERS 

7. To find the characteristic of the common logarithm of a number. 
By Algebra, 



10» = 1000, .-. log 1000 = 3 

10» = 100, .-. log 100 =2 

10^ = 10, .-. log 10 =1: 

10° = 1, .-. log 1 =0 or 10. - 10 ; 

(^=^0-^ = .!, .-. log.l =-lor 9,-10; 

& ") ^^"' " '^^' •'• ^""^ '^^ " " ^ '''' 8. - 10 ; 

10-» = .001, .-. log .001 = - 3 or 7. - 10 ; 



Hence, the logarithm of a number between 

1000 and 100 is 2 + a decimal, 

100 and 10 is 1 + a decimal, 

10 and 1 is + a decimal. 

That is, the characteristic of the logarithm of a number greater than 
1 is one less than the number of places to the left of the decimal point. 

Thus, log 325 = 2 4- decimal, log 24.75 = 1 + decimal. 

Again, the logarithm of a number between 

1 and .1 is 9 + a decimal — 10, 

.1 and .01 is 8 4- a decimal — 10, 

.01 and .001 is 7 + a decimal — 10, etc. 

Hence to find the characteristic of the logarithm of a number less 
than 1, subtract the number of ciphers between the decimal point and 
the first significant figure from 9, writing — 10 after the mantissa. 

Thus, log .000431 = 6 + the mantissa — 10. 

8. The two integral parts of the characteristic of the logarithm of a decimal 
are sometimes combined and the result written before the mantissa as a nega- 
tive characteristic. Thus, 7.25328 — 10 = 3.25328, a minus sign being written 
over the characteristic to denote that it alone is negative, the mantissa being 
positive. But this form of expression is not so convenient in practice, and is 
becoming obsolete. 
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Evidently a logaxithm is not changed in valae by increasing either of the 
parts of the characteristic by 10 and decreasing the other part by 10. Thus, 
7.25328-10 = 17.26328-20 = 27.25328-30, etc. ; and 3.16241 = 13.16241-10, 
etc. Such changes are often useful in computations by logarithms. Thus, to 
subtract 8.17243 - 10 from 3.46031 - 10, we change the latter to 13.46031 - 20, 
from this take the former, and obtain 5.27788 — 10. Again, to divide 
8.35416 - 10 by 7, we change the logarithm to 68.36416 - 70, divide this by 7, 
and obtain 9.76488 — 10. The logarithm of a decimal is said to be in its normal 
form when the negative part of the characteristic is — 10, and every logarithm 
should be reduced to this form before attempting to find the corresponding 
number, that is, the number of which it is the logarithm. 

9. To find the logarithm of a number. 

(a) When the significant part of the number consists of one, two, or 
three figures. 

From the significant parts of the numbers in the columns headed 
Nb.f pages 20 to 34, find the significant part of the given number. 
On a line with it, and in the column having at the top, is the man- 
tissa. To this prefix the characteristic according to Art. 7. Thus : 

log 3 = 0.47712, log .57 = 9.75587 - 10, 

log 750 = 2.87506, log .038 = 8.57978 - 10, 

log 534 = 2.72754, log 4.27 = 0.63043, 

log 20500 = 4.31175, log .00301 = 7.47857 - 10. 

(b) When the significant part of the number consists of four figures. 

In the column headed JVb., pages 20 to 34, find the first three of 
the figures. On a line with these, and in the column having the 
fourth figure at the top, is the mantissa. Prefix the characteristic 
by Art. 7. Thus : 

log 3275 = 3.51521, log .4035 = 9.60584 - 10, 

log 31.04 = 1.49192, log .05004 = 8.69932 - 10. 

(c) When the significant part of the number consists of more than 
four figures. 

Let the logarithm of 116723 be required. This number lies be- 
tween 116700 and 116800, and therefore its logarithm lies between 
the logarithms of these numbers. 

By case (6), log 116800 = 5.06744 

log 116700 = 5.06707 
Differences, 100 .00037 

Let log 116723 = 5.06707 + x 

Again, log 116700 = 5.06707 

Differences, 23 x 
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Now by the principle of Proportional Parts * small differences in 
a number are proportional to the corresponding small differences 
in the logarithm. Hence 

100 : 23 : : .00037 : x, 

.-. a; = .23 X .00037 = .00008.51 = .00009, say. 

.-. log 116723 = 5.06716. 

This, and all similar operations, may be abbreviated thus : 

log 116700 = 5.06707 
37 X .2 = 7.4 

37x.03= 1.11 



log 116723 = 5.06716 

Examples, log 3423.7 = 4.53449. 

log 32.6708 = 1.51416. 
log .0015764 = 7.19767 - 10. 



10. To And the number corresponding to a logarithm. 

(a) When the given mantissa is talmkUed, 

Find the mantissa in the tables, pages . 20 to 34. On a line with 
it, and in the column headed No,, are the first three figures of the 
significant part of the number, and at the top of the column con- 
taining the mantissa is the fourth figure. The decimal point must 
be located according to the characteristic (Art. 7). 

1. Find the number whose logarithm is 2.74989. 

The mantissa, page 27, corresponds to the number 5622. As the 
characteristic is 2, there must be 2 + 1 places to the left of the 
decimal point. Hence the required number is 562.2. 

2. Find the number whose logarithm is 6.61204 — 10. 

The mantissa, page 25, corresponds to the number 4093. As the 
characteristic is 6 — 10, there must be 9 — 6 or 3 ciphers between 
the decimal point and the first significant figure. Hence the num- 
ber is .0004093. 



* This principle is not strictly true, but it gives results that are approxi- 
mately correct. For greater accuracy we must use tables of more places. 
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(6) When the given mantiaaa is not tdbuUUed. 
1. Find the number whose logarithm is 1.58565. 
The next larger tabulated mantissa is .58569, and the next smaller 
.58557. 

The number corresponding to 1.58569 is 38.52 

and the number corresponding to 1.58557 is 38.51 

Differences, .00012 .01 

Let the number corresponding to 1.58565 be 38.51 + n 
Again, the number corresponding to 1.58557 is 38.51 

Differences, .00008 n 

By the principle of proportional parts, 

.00012 : .00008 : : .01 : n. 

- - '^^^^ X .01 = ? X .01 = .006.6 = .007. 



.00012 3 

.*. The required number is 38.517. 
The work may be abbreviated thus : 
Given mantissa, .58565 

Next less mantissa, .58557, four corresponding figures, 3851. 
Tabular difference, 12)8 



.66 = .7. Result, 38.617. 

Examples, If log x = 0.92002, x = 8.318. 

If log y = 6.09167, y = 1235000. 

If logn = 7.50325 - 10, n = .003186. 
If log n = 1.48762, n = 30.734. 

If log x = 6.82326 - 10, a? = .00066567. 

COMPUTATION BY LOGARITHMS 
11. To multiply one number by another, by logarithms. 
Find the value of .0324 x .00605 = Jc, say. 
Art. 2, log A; = log .0324 + log .00605. 

log .0324= 8.51055-10 
log .00605= 7.78176-10 

log k = 16.29231 - 20 = 6.29231 - 10 
.-. k = .00019602. 
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Rule. Fiiid the logarithms of the factorsy take their sum, and find 
the number whose logarithm is the sum, and it will be the required 
product. 

Examples, Find the values of the following by logarithms : 

1. 18x37. 3. 6.021x825.6. 

2. 43.8 X. 507. 4. .00493x24.091. 

5. .0037 X 1.004 X .00005209. 
Answers: 1. 666. 2. 22.207. 3. 4146.3. 4. .11877. 

12. To divide one number by another, by logarithms. 

Find the value of 731.25 -^ .125 = k, say. 
Art. 3, log k = log 731.25 - log .125. 

log 731.25 = 2.86407 = 12.86407 - 10 
log .125= 9.09691-10 

logA:= 3.76716 
A; = 5850. 

Rule. Find the logarithm of the dividend and also of the divisor, 
subti'oct the latter from the former, and find the number whose logarithm 
is the difference, and it will be the required quotient. 

Examples, Find the values of the following by logarithms : 

1. 1.776 -+..24. 4. 42.81 -^- 34600. 

2. 234.21 -- .0211. 6. (42 X 2772) -^ 924. 

3. 9.25 -^ .00776. 6. (13 x 5.5654) -^ 51.9. 
Anders: 1. 7.4. 2. 11100. 3. 1193.5. 4. .001237. 6. 126. 

13. To raise a number to any power, by logarithms. 
Find the value of (.0624)' = k, say. 

Art. 4, log A; = 3 log .0624 

= 3(8.79518-10) 

= 26.38554 - 30 = 6.38554 - 10. 

.-. A; = .00024296. 

Rule. Find the logarithm of the number, multiply it by the exponent 
of the power, and find the number whose logarithm is the product, and 
it wUl be the required power. 
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Examples, Find the values of the following by logarithms : 

1. (3.5/. 3. (2,by. 6. (.003278)1 

2. (15.04)2. 4. (37.6)». 6. (.0980937)^ 

Ansxoers: 1. 42.876. 2. 226.20. 3. 39.062. 4. 53159. 

6. .000010745. 6. .0000090824. 

14. To extract any root of a number, by logarithms. 
, Find the value of \^.075 = k, say. 
Art. 5, log A: == i log .075 = \ (8.87506 - 10) 

= \ (48.87506 - 50) 
= 9.77501 - 10. 
.-. k = .6956. 

Rule. Find the logarithm of the number, divide it by the index of 
the rooty and find the number whose logarithm is the quotient, and it 
will be the required root 

Examples, Find the values of the following by logarithms : 

1. v^3. 4. ^.02305. 7. v^-^^. 

2. </r7. 5. -1/.00095173. 8. yj^- 

3. </2i:5. 6. </¥x</y. 9. \/|-^- 



^3 \3 

Answers: 1. 1.7320. 2. 2.5713. 3. 2.1533. 4. .4705. 5. .3701. 
6. 5.883. 7. .7025. 8. .9188. 9. .7777. 

15. The Cologarithm of a number is the logarithm of the recipro- 
cal of that number. 

Thus, colog 18 = log iV = log 1 - log 18. 

logl =0 = 10. -10 

log 18 = 1.25527 
colog 18 = 8.74473-10 

Again colog .058 = log 1 — log .058. 

logl =10. -10 

log .058 = 8.76343 - 10 

colog .058= 1.23657 

It follows from the above that the cologarithm of a number may be found by 
subtracting its logarithm from 10.00000 - 10. This is most readily done by 
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commencing at the left of the logarithm and subtracting each digit from 9 till 
we come to the la^t significant digit, which must be subtracted from 10, writing 
— 10 after the result in case of a positive logarithm. In this manner the 
cologarithm of a number may be taken directly from 4;he table of logarithms. 

Examples, Find the following : 
1. colog23. 2. colog4007. 3. colog .00517. 4. colog .03092. 
Ansvoers: 1. 8.63827-10. 2. 6.39718-10. 3. 2.28661. 

16. The cologarithm of a number raised to any power is equal to 
the cologarithm of the number multiplied by the exponent of the power. 

For, colog n*" = log— = logf - ) = rlog-= r colog w, which is evi- 
w*" \nj n 

dently true whether r be an integer or fraction. 

17. To find the value of a numerical expression involving multiplica- 
tion, division, involution, and evolution. 

Find the value of ^X^T x6 r ^ ^^ ^^^ 
4 X 13* 

4 13* 
.-. log A; = log 5 + ^ log 7 + A log 6 + colog 4 +| colog 13. 
.-. log k = 9.52992 - 10. .-. A: = .33878. 

KuLE. Add together the logarithms of the factors of the numerator 
or dividend and the cologarithms of the factors of the denominator or 
divisor, and find the number of which the sum is the logarithm, and it 
will be the value required. 

Examples. Find the values of the following by logarithms : 

^ 15.008 X. 0843 ^.00819 3 x (.06285)1 
.06376x6.248 ^' ^§342 

2 2563 x .03442 0.007 x 57.83 x 2.813 

714.8 X. 511 • 9.317x00.28x476.5* 



, V5:955 X V61.2 ^ r e/7 5/6! 4/5 

'• ^298.54 • ^•LVs^VTj'Ve- 

Answers: 1. 3.176. 2. .2416. 8. 3.076. 4. .00323. 
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LOGARITHMIC FUNCTIONS 

18. Table II. By this table, pp. 36 to 58, we can find approxi- 
mately the logarithmic sin, cos, tan, or cot of any acute angle. 

In explaining how to use the table, the two divisions into which 
each page is divided will be called Sections, 

19. To find the logarithmic sin^ cos, tan, or cot of an acute angle. 

(a) When the angle is tabulated. 

If the aifgle is less than 45°, the degrees will be found at the 
top of the page, the minutes in the column on the left of each 
section, and the functions, on a line with the minutes, in the column 
designated by the name at the top. If the angle is greater than 
45°, the degrees will be found at the bottom of the page, the min- 
utes in the column on the right of each section, and the fimction, 
on a line with the minutes, in the column designated by the name 
at the bottom. 

In general, the characteristic is the same throughout each column, 
and is printed at the top and bottom of the column. When it is not 
the same, as for sin, tan, cot, p. 36, the change is marked by a star, 
and the characteristic is to be taken from the top or bottom accord- 
ing as the logarithm is above or below the bottom of the star. 

To avoid negative characteristics, the characteristic of every loga- 
rithm is printed 10 too large, hence —10 is to be written after each 
logarithm. Thus : 

log sin 30° 10' = 9.70115 - 10 log cos 3° 26' = 9.99922 - 10 

log tan 50' = 8.16273 - 10 log cos 70° 20' = 9.52705 - 10 

(b) When the angle is not tahvlaied. 

Find the log sin 20° 25' 12". [25' 12" = 25.2'] 

The logarithm lies between log sin 20° 25' and log sin 20° 26'. 

The difference between these two logarithms, page 46, is .00034, 
which corresponds to a difference of 1' in the angle. Hence by 
the principle of proportional parts,* the difference in the logarithm 
corresponding to a difference of .2' is 

.2 X .00034 = .000068 = .00007, say. 
.-. log sin 20° 2b' 12" = log sin 20° 25' + .00007 = 9.54270 - 10. 

* The principle that small differences in angles are proportional to the corre- 
sponding small differences in their logarithms, is not strictly true, but is soffi- 
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The work may be abbreviated as in the next example. The 
difference between two consecutive tabulated functions, like 34, is 
called the Tabular Difference (tab. dif.). 

Find log cos 10° 13' 25' '. [13' 25" = 13.4'] 

log cos 10° 13' = 9.99306 - 10, tab. dif. 2. 
.4 X 2 = .8 = 1 

A log cos 10° 13' 25" = 9.99305 - 10 

Note. — In this case we subtract the difference, since the cos of an acute 
angle decreases as the angle increases. So, too, we subtract in finding log cot, 
but add in finding log sin or log tan. 

Find log tan 86° 19' 35". [19' 35" = 19.6'] 

log tan 86° 19' = 11.19128 - 10, tab. dif. 198. 
.6 X 198 = 119 

.-. log tan 86° 19' 35" = 11.19247 - 10 

20. To find an acute angle when its logarithmic sin, cos, tan, or cot 
is given. 

Find the angle whose log sin = 9.45359 — 10. 
The operation consists in reversing the process of Art. 19, and 
may be abbreviated thus: 

The given mantissa, 45359 

The next smaller mantissa, 45334, tab. dif. 43, angle 16° 30'. 

25 
?^ X 1' = .6' (or more nearly 35"). .-. Ajigle = 16° 30.6'. 

Find the angle whose log cot = 10.73478 - 10. 
The given mantissa, 73478 

The next smaller mantissa, 73415, tab. dif. 71, angle 10° 27'. 

63 
^ X 1' = .9'. .-. The angle = 10° 27' - .9' = 10° 26.1'. 

Note. — In finding the angle corresponding to log sin or log tan, we add the 
difference, but subtract for log cos or log cot. 

ciently exact for practical purposes, unless the angle is very near 0° or 90°. 
For closer work, tables of more places and at smaller intervals, such as those 
of Vega, should be used. 
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NATURAL FUNCTIONS 

21. Table. By this table, pages 59 to 61, we can find approxi- 
mately the natural sin, cos, tan, or cot of any acute angle. 
Its use is similar to that of the table of logarithmic functions. 

1. Find tan 4r 27' 14", or tan 41° 27.2|'. 
tan 4r 20' = .87955. 
tan 41° 30' - tan 41° 20' = 518. 
Correction for 7.2^', 51.8 x 7.2^ = 375, nearly. 

.87955 



Required value, .88330 

2. Find the angle whose cos is .45854. 
cos = 45854 
Next less cos = 45658, angle 62° 50'. 
196 
cos 62° 40' - cos 62° 50' = 259. 
Correction in minutes, 25.9)196(7.6', nearly. 
Required angle, 62° 50' - 7.6' = 62° 42.4 '. 
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No. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


100 


00000 


00043 


00087 


00130 


00173 


00217 


00260 


00303 


00346 


00389 


lOI 


00432 


00475 


00518 


00561 


00604 


00647 


00689 


00732 


00775 


00817 


I02 


00860 


00903 


~|^ 


00988 


01030 


01072 


01 115 


01 157 


01 199 


01242 


103 


01284 


01326 


01 410 


01452 


01494 


01536 


01578 


01620 


01662 


104 


01703 


01745 


01787 


01 828 


01870 


01 912 


01953 


01995 


02036 


02078 


105 


02 119 


02160 


02202 


02243 


02284 


0232s 


02366 


02407 


02449 


02490 


106 


02531 


02572 


02612 


02653 


02694 


0273s 


02776 


02816 


02857 


02898 


107 


02938 


02979 


03019 


03060 


03100 


03141 


03 181 


03222 


03262 


03302 


108 


03342 


03383 


03423 


03463 


03503 


03543 


03583 


03623 


03663 


03703 


109 


03743 


03782 


03822 


03862 


03902 


03941 


03981 


04021 


04060 


04100 


110 


04139 


04179 


04218 


04258 


04297 


04336 


04376 


04415 


04454 


04493 


III 


04532 


04571 


04610 


04650 


04689 


04727 


04766 


04805 


04844 


04883 


112 


04922 


04961 


04999 


05038 


05077 


oS"S 


05154 


05192 


05231 


05269 


"3 


05308 


05346 


05385 


05423 


05461 


05500 


05538 


05576 


05614 


05652 


114 


05690 


05729 


05767 


05805 


05843 


05881 


05918 


05956 


05994 


06032 


"5 


06070 


06108 


06145 


06183 


06221 


06258 


06296 


06333 


06371 


06408 


116 


06446 


06483 


06521 


06558 


06595 


06633 


06670 


06707 


06744 


06781 


117 


06819 


06856 


06893 


06930 


06967 


07004 


07041 


07078 


07115 


07151 


118 


07188 


07225 


07 262 


07298 


07335 


07372 


07408 


07445 


07482 


07518 


119 


0755s 


07591 


07628 


07664 


07700 


07737 


07773 


07809 


07846 


07882 


120 


07918 


07954 


07990 


08027 


08063 


08099 


08135 


08 171 


08207 


08243 


121 


08279 


08314 


08350 


08386 


08422 


08458 


08493 


08529 


08565 


08600 


122 


08636 


08672 


08707 


08743 


08778 


08814 


08849 


08884 


08920 


08955 


123 


08991 


09026 


09061 


09096 


09132 


09167 


09202 


09237 


09272 


09307 


124 


09342 


09377 


09412 


09447 


09482 


09517 


09552 


09587 


09621 


09656 


125 


09691 


09726 


09760 


09795 


09830 


09864 


09899 


09934 


09968 


10003 


126 


10037 


10072 


10 106 


10140 


10175 


10209 


10243 


10278 


10312 


10346 


127 


10380 


10415 


10449 


10483 


10517 
10857 


10551 


10585 


10619 


10653 


10687 


128 


10 721 


10755 


10789 


10823 


10890 


10924 


10958 


10992 


II 025 


129 


II 059 


II 093 


II 126 


II 160 


II 193 


II 227 


II 261 


11294 


11327 


II 361 


180 


"394 


1 1 428 


II 461 


11494 


II 528 


11561 


"594 


II 628 


II 661 


11694 


131 


II 727 


II 760 


"793 


II 826 


II 860 


11893 


II 926 


11959 


II 992 


12024 


132 


12057 


12090 


12 123 


12156 


12 189 


12222 


12254 


12287 


12320 


12352 


133 


12385 


12 418 


12450 


12483 


12516 


12548 


12 581 


12 613 


12646 


12678 


134 


12 710 


12743 


12775 


.12808 


12840 


12872 


12905 


12937 


12969 


13 001 


iP 


13033 


13066 


13098 


13130 


13 162 


13194 


13226 


13258 


13290 


13322 


13354 


13386 


13418 


13450 


13481 


13513 


13545 


13577 


13609 


13640 


137 


13672 


13704 


13735 


13767 


13799 


13830 


13862 


13893 


13925 


13956 


138 


13988 


14 019 


14051 


14082 


14114 


14145 


14176 


14208 


14239 


14270 


139 


14 301 


14333 


14364 


14395 


14426 


14457 


14489 


14520 


14 551 


14582 


140 


14 613 


14644 


14675 


14706 


14737 


14768 


14799 


14829 


14860 


14 891 


141 


14922 


14953 


14983 


15014 


15045 


15076 


15106 


15137 


15168 


15198 


142 


15229 


15259 


15290 


15320 


15351 


15381 


15412 


15442 


15473 


15503 


143 


15534 


15564 


15594 


15625 


15655 


15685 


15715 


15746 


15776 


15806 


144 


15836 


15866 


15897 


15927 


15957 


15987 


16 017 


16047 


16077 


16107 


145 


16137 


16 167 


16197 


16227 


16256 


16286 


16 316 


16346 


16376 


16406 


146 


16435 


16 465 


16495 


16524 


16554 


16584 


16 613 


16643 


16673 


16702 


147 


16732 


16 761 


16 791 


16820 


16850 


16879 


16909 


16938 


16967 


16997 


148 


17026 


17056 


17085 


17114 


17143 


17173 


17202 


17231 


17260 


17289 


149 


17 319 


17348 


17377 


17406 


17435 


17464 


17493 


17522 


17551 


17580 


150 


17609 


17638 


17667 


17696 


17725 


17754 


17782 


17 811 


17840 


17869 


151 


17898 


17926 


17955 


17984 


18013 


18 041 


18070 


'?°?9 


18 127 


18156 


152 


18 184 


18 213 


18 241 


18270 


18298 


18327 


18355 


18384 


18 412 


18441 


153 


18469 


18498 


18526 


18554 


18583 


18 611 


18639 


18667 


18696 


18724 


154 


18752 


18780 


18808 


18837 


18865 


18893 


18 921 


18949 


18977 


19005 


155 


19033 


19 061 


19089 


19117 


19145 


19173 


19 201 


19229 


19257 


19285 


156 


19312 


19340 


19368 


19396 


19424 


19451 


19479 


19507 


19535 


19562 


157 


19866 


19 618 


19645 


19673 


19700 


19728 


19756 


19783 


19 811 


19838 


158 


19893 


19921 


19948 


19976 


20003 


20030 


20058 


20085 


20 112 


159 


20140 


20167 


20194 


20222 


20249 


20276 


20303 


20330 


20358 


20385 



21 



No. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


160 


20412 


20439 


20466 


20493 


20520 


20548 


20575 


20602 


20629 


20656 


i6i 


20683 


20710 


20737 


20763 


20790 


20817 


20844 


20871 


20898 


20925 


162 


20952 


20978 


21005 


21032 


21059 


21085 


21 112 


21139 


21 165 


21 192 


163 


21 219 


21245 


21 272 


21299 


21325 


21352 


21378 


21405 


21 431 


21458 


164 


21484 


21 511 


21537 


21564 


21590 


21 617 


21643 


21669 


21696 


21722 


^^ 


21748 


21775 


21 801 


21 827 


21854 


21880 


21906 


21932 


21958 


21985 


166 


22 01 1 


22037 


22063 


22089 


22115 


22141 


22167 


22194 


22220 


22246 


167 


22272 


22298 


22324 


22350 


22376 


22401 


22427 


22453 


22479 


22505 


168 


22531 


22557 


22583 


22608 


22634 


22660 


22686 


22712 


22737 


22763 


169 


22789 


22814 


22840 


22866 


22891 


22917 


22943 


22968 


22994 


23019 


170 


23045 


23070 


23096 


23 121 


23147 


23172 


23198 


23223 


23249 


23274 


171 


23300 


93325 


23350 


23376 


23401 


23426 


23452 


23477 


23502 


23528 


172 


23553 


23578 


23603 


23629 


23654 


23679 


23704 


23729 


23754 


23779 


173 


23805 


23830 


23855 


23880 


23905 


23930 


23955 


23980 


24005 


24030 


174 


24055 


24080 


24105 


24130 


24155 


24180 


24204 


24229 


24254 


24279 


175 


24304 


24329 


24353 


24378 


24403 


24428 


24452 


24477 


24502 


24527 


176 


24551 


24576 


24601 


24625 


24650 


24674 


24699 


24724 


24748 


24773 
25018 


177 


24797 


24822 


24846 


24871 


24895 


24920 


24944 


24969 


24993 


178 


25042 


25066 


25091 


25 "5 
25358 


25139 


25164 


25188 


25212 


25237 


25261 


179 


25285 


25310 


25334 


25382 


25406 


25431 


25455 


25479 


25503 


180 


25527 


25551 


25575 


25600 


25624 


^5648 


25672 


25696 


25720 


25744 


181 


25768 


25792 


25816 


25840 


25864 


25888 


25912 


25935 
26174 


25959 


25983 


182 


26007 


26031 


2605s 


26079 


26102 


26126 


26150 


26198 


26221 


183 


26245 


26269 


26293 


26316 


26340 


26364 


26387 


26 411 


26435 


26458 


184 


26482 


26505 


26529 


26553 


26576 


26600 


26623 


26647 


26670 


26694 


185 


26717 


26741 


26764 


26788 


26811 


26834 


26858 


26881 


26905 


26928 


186 


26951 


2697s 


26998 


27021 


27045 


27068 


27091 


27114 


27138 


27 161 


187 


27184 


27207 


27231 


27254 


27277 


27300 


27323 


27346 


27370 


27393 


188 


27416 


27439 


27462 


27485 


27508 


27531 


27554 


27577 
27807 


27600 


27623 


189 


27646 


27669 


27692 


27715 


27738 


27761 


27784 


27830 


27852 


190 


27875 


27898 


27921 


27944 


27967 


27989 


28012 


28035 


28058 


28081 


191 


28103 


28126 


28149 


28 171 


28194 


28217 


28240 


28262 


28285 


28307 


192 


28330 


28353 


28375 


28398 


28421 


28443 


28466 


28488 


28 511 


28533 


193 


28556 


28578 


28601 


28623 


28646 


28668 


28691 


28713 


28735 


28758 


194 


28780 


28803 


28825 


28847 


28870 


28892 


28914 


28937 


28959 


28981 


195 


29003 


29026 


29048 


29070 


29092 


29 115 


29137 


29159 


29 181 


29203 


196 


29226 


29248 


29270 


29292 


29314 


29336 


29358 


29380 


29403 


29425 


197 


29447 


29469 


29491 


29513 


29535 


29557 


29579 


29601 


29623 


29645 


198 


29667 


29688 


29710 


29732 


29754 


29776 


29798 


29820 


29842 


29863 


199 


29885 


29907 


29929 


29951 


29973 


29994 


30016 


30038 


30060 


30081 


200 


30103 


30125 


30146 


30168 


30190 


30 211 


30233 


30255 


30276 


30298 


201 


30320 


30341 


30363 


30384 


30406 


30428 


30449 


30471 


30492 


30514 


ao2 


30535 


30557 


30578 


30600 


30621 


30643 


30664 


30685 


30707 


30728 


ao3 


30750 


30771 


30792 


30814 


30835 


30856 


30878 


30899 


30920 


30942 


204 


30963 


30984 


31006 


31027 


31048 


31069 


31091 


31112 


31133 


31154 


205 


3117s 


31 197 


31 218 


31239 


31260 


31 281 


31302 


31323 


31345 


31366 


206 


31387 


31408 


31429 


31450 


31471 


31492 


31513 


31534 


31555 


31576 


207 


31597 


31 618 


31639 


31660 


31 681 


31702 


31723 


31744 


31765 


31785 


208 


31806 


31827 


31848 


31869 


31890 


31 911 


31931 


31952 


31973 


31994 


209 


32015 


32035 


32056 


32077 


32098 


32 118 


32139 


32160 


32 181 


32201 


210 


32222 


32243 


32263 


32284 


32305 


32325 


32346 


32366 


32387 


32408 


211 


32428 


32449 


32469 


32490 


32510 


32531 


32552 


32572 


32593 


32613 


212 


32634 


32654 


32675 


32695 


32715 


32736 


32756 


32777 


32797 


32818 


213 


32838 


32858 


32879 


32899 


32919 


32940 


32960 


32980 


33001 


33021 


214 


33041 


33062 


33082 


33102 


33122 


33143 


33163 


33183 


33203 


33224 


215 


33244 


33264 


33284 


33304 


33325 


33 345 


33365 


33385 


33405 


33425 


216 


33 445 


33465 


33486 


33506 


33526 


33546 


33566 


33586 


33606 


33626 


217 


33646 


33666 


33686 


33706 


33726 


33746 


33766 


33786 


33806 


33826 


218 


33846 


33866 


33885 


33905 


33925 


33 945 


33965 


33985 


34005 


34025 


219 


34044 


34064 


34084 


34104 


34124 


34143 


34163 


34183 


34203 


34223 



22 



No. 





1 


2 


8 


4 


5 


6 


7 


8 


9 


220 


34242 


34263 


3428a 


34 301 


34321 


34341 


34361 


34380 


34400 


34420 


aaz 


34439 


34 459 


34479 


34498 
34694 


34518 


34 537 


34 557 


34 577 


34596 


34616 


333 


34635 


34655 


34674 


34713 
34908 


34733 


34 753 


34772 


34792 


34 811 


333 


34830 


34850 


34869 


34889 


34928 


34 947 


34967 


34986 


35005 


334 


35035 


35044 


35064 


35083 


35102 


35133 


35 141 


35160 


35180 


35199 


^ 


35218 


35238 


35257 


35276 


3529s 


3531S 


35 334 


35 353 


35372 


35392 


354" 


35430 


35449 


35468 


35488 
35679 


35507 


35526 


35 545 


35564 


35583 


387 


35603 


35633 


35641 


35660 


35698 


35717 


35736 


35 755 
35946 


35 774 


338 


35 793 


35813 
36003 


35832 


35851 


35870 


35889 


35908 


35927 


35965 


339 


35984 


36031 


36040 


36059 


36078 


36097 


36 116 


36135 


36154 


280 


36173 


36192 


36 311 


36339 


36348 


36367 


36386 


36305 


36324 


36342 


331 


36361 


36380 


36399 


t^ 


36436 


36455 


36474 


36493 


36 511 


36530 


333 


36549 


36568 


36586 


36634 


36643 


36661 


36680 


36698 


36717 


333 


36736 


36754 


36773 


36791 


36810 


36839 


36847 


36866 


36884 


36903 


334 


3692a 


36940 


36959 


36977 


36996 


37014 


37033 


37051 


37070 


37088 


335 


37107 


37125 


37144 


37163 


37 181 


37199 


37218 


37336 


37254 


37273 


336 


37291 


37310 


37328 


37346 


37365 
37548 


37383 


37401 


37420 


37438 


37 457 


337 


37475 
37658 


37 493 


37 5" 


37530 


37566 


37585 


37603 


37621 


37639 


338 


37676 


37694 


37712 


37731 


37 749 


37767 


37785 


37803 


37822 


339 


37840 


37858 


37876 


37894 


37912 


37931 


37 949 


37967 


37985 


38003 


240 


38031 


38039 


38057 


38075 


38093 


38 113 


38130 


38148 


38166 


38184 


341 


38303 


38330 


38238 


38356 


38274 


38392 


38310 


38328 


38346 


38364 


343 


38382 


38399 


38417 


38435 


38453 


38471 


38489 


3^18^6 


38525 


38543 


343 


38561 




38596 


38614 


38633 


38650 


38668 


38703 


38721 


244 


38739 


38757 


38775 


3879a 


38810 


38838 


38846 


38863 


38881 


38899 


245 


38917 


38934 


38952 


38970 


38987 


39005 


39033 


39041 


39058 


39076 


346 


39094 


39 1" 


39129 


39146 


39164 


39183 


39199 


39317 


39235 


39252 


847 


39270 


39287 


39305 


39322 


39340 


39358 


39 375 


39393 


39410 


39428 


348 


39445 


39463 


39480 


39498 


39515 


39 533 


39550 


39568 


39585 


39602 


349 


39630 


39637 


39655 


39673 


39690 


39707 


39724 


39742 


39 759 


39 777 


250 


39 794 


39 811 


39839 


39846 


39863 


39881 


39898 


39915 


39 933 


39950 


251 


39967 


39985 


40003 


40019 


40037 


40054 


40071 


40088 


40106 


40123 


353 


40140 


40157 


40175 
40346 


40192 


40309 


40326 


40243 


40361 


40278 


40295 


253 


40312 


40329 


40364 


40381 


40398 


40415 
40586 


40432 


40449 


40466 


254 


40483 


40500 


40518 


40535 


40552 


40569 


40603 


40630 


40637 


355 


40654 


40671 


40688 


40705 


40733 


40739 


40756 


40773 


40790 


40807 


356 


40824 


40841 


40858 


40875 


40893 


40909 


40926 


40943 


40960 


40976 


257 


40993 


410Z0 


41027 


41044 


41 061 


41078 


41095 


41 III 


41 138 


41145 


258 


41 163 


41179 


41 196 


41 313 


41229 


41246 


41263 


41280 


41296 


41313 


259 


41330 


41347 


41363 


41380 


41397 


41 414 


41430 


41447 


41464 


41 481 


260 


41497 


41 514 


41 531 


41547 


41564 


41 581 


41597 


41 614 


41631 


41647 


361 


41664 


4x681 


41697 


41 714 


41 731 


41747 


41764 


41780 


41797 


41814 


362 


41830 


41847 


41863 


41880 


41896 


41 913 


41929 


41946 


41963 


41979 


263 


41996 


42 0Z3 


42029 


42045 


42062 


43078 


42095 


43 III 


42127 


42144 


364 


42 160 


42177 


42193 


43310 


42226 


42243 


42259 


42275 


42293 


42308 


^ 


42325 


42341 


42357 


42374 


42390 


42406 


42423 


42439 


42455 


42472 


42488 


42504 


42521 


42537 


42553 


42570 


42586 


43603 


43619 


42635 


267 


42651 


42667 


42684 


43700 


42716 


42732 


42749 


42765 


42781 


42797 


368 


42813 


42830 


42846 


43862 


42878 


42894 


42 911 


42927 


42943 


42959 


369 


42975 


42991 


43008 


43024 


43040 


43056 


43072 


43088 


43104 


43120 


270 


43136 


43152 


43169 


43185 


43201 


43217 


43233 


43249 


43265 


43281 


371 


43297 


43313 


43329 


43 345 


43361 


43 377 


43 393 


43409 


43425 


43441 


372 


43 457 


43 473 


43489 


43505 


43521 


43 537 


43 553 


43569 


43584 


43600 


273 


43616 


43632 


43648 


43664 


43680 


43696 


43712 


43727 


43 743 


43 759 


274 


43 775 


43791 


43807 


43823 


43838 


43854 


43870 


43886 


43902 


43917 


27s 


43933 


43 949 


43965 


43981 


43996 


44012 


44028 


44044 


44059 


44075 


376 


44091 


44107 


44122 


44138 


44154 


44170 


44185 


44201 


44217 


44232 


277 


44248 


44264 


44279 


44295 


44 3" 


44326 


44342 


44358 


44 373 


44389 


278 


44404 


44420 


44436 


44451 


44467 


44483 


44498 


44514 


44529 


44 545 


279 


44560 


44576 


44592 


44607 


44623 


44638 


44654 


44669 


44685 


44700 



23 



No. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


280 


44716 


44731 


44 747 


44762 


44778 


44793 


44809 


44824 


44840 


44855 


281 


44871 


44886 


44902 


44917 


44932 


44948 


44963 


44 979 


44994 


45010 


282 


45025 


45040 


45056 


45071 


45086 


45102 


45117 


45133 


45148 


45163 


283 


45179 


45194 


45209 


45225 


45240 


45255 


45271 


45286 


45301 


45317 


284 


45 332 


45 347 


45362 


45378 


45 393 


45408 


45423 


45 439 


45454 


45469 


28s 


45484 


45500 


45515 


45530 


45 545 


45561 


45576 


45591 


45606 


45621 


286 


45637 


4565a 


45667 


45682 


45697 


45712 


45728 


45 743 


45758 


45 773 


287 


45788 


45803 


45818 


45834 


45849 


45864 


45879 


45894 


45909 


45924 


288 


45 939 


45 954 


45969 


45984 


46000 


46 015 


46030 


46045 


46060 


46075 


289 


46090 


46105 


46120 


46135 


46150 


46165 


46180 


46195 


46210 


46225 


290 


46240 


46255 


46270 


46285 


46300 


46315 


46330 


46345 


46359 


46374 


291 


46389 


46404 


46419 


46583 


46449 


46464 


46479 


46494 


46509 


46523 


292 


46538 


46553 


46568 


46598 


46613 


46627 


46642 


46657 


46672 


293 


46687 


46702 


46716 


46731 


46746 


46761 


46776 


46790 


46805 


46820 


294 


46835 


46850 


46864 


46879 


46894 


46909 


46923 


46938 


46953 


46967 


295 


46982 


46997 


47012 


47026 


47041 


47056 


47070 


47085 


47100 


47114 


296 


47129 


47144 


47159 


47173 


47188 


47202 


47217 


47232 


47246 


47261 


297 


47276 


47290 


47305 


47319 


47 334 


47 349 


47363 


47378 


47392 


47407 


298 


47422 


47436 


47451 


47465 


47480 


47 494 


47509 


47524 


47538 


47 553 


299 


47567 


47582 


47596 


47 611 


47625 


47640 


47654 


47669 


47683 


47698 


800 


47712 


47727 


47741 


47756 


47770 


47784 


47 799 


47813 


47828 


47842 


301 


47857 


47871 


47885 


47900 


47914 


47929 


47 943 


47958 


47972 


47Q86 


302 


48001 


48 015 


48029 


48044 


48058 


48073 


48087 


48101 


48 116 


48130 


303 


48144 


48159 


48173 


48187 


48202 


48216 


48230 


48244 


48259 


48273 


304 


48287 


48302 


48316 


48330 


48344 


48359 


48373 


48387 


48401 


48416 


305 


48430 


48444 


48458 


48473 


48487 


48501 


48515 


48530 


48544 


48558 


306 


48572 


48586 


48601 


48615 


48629 


48643 


48657 


48671 


48686 


48700 


307 


48714 


48728 


48742 


48756 


48770 


48 785 


48799 


48813 


48827 


48841 


308 


48855 


48869 


48883 


48897 


48 911 


48926 


48940 


48954 


48968 


48982 


309 


48996 


49010 


49024 


49038 


49052 


49066 


49080 


49094 


49108 


49122 


810 


49136 


49150 


49164 


49178 


49192 


49206 


49220 


49234 


49248 


49262 


311 


49276 


49290 


49304 


49318 


49332 


49346 


49360 


49 374 


49388 


49402 


312 


49415 


494^9 


49443 


49 457 


49471 


49485 


49499 


49513 


49527 


49541 


313 


49 554 


49568 


49582 


49596 


49610 


49624 


49638 


49651 


49665 


49679 


314 


49693 


49707 


49721 


49 734 


49748 


49762 


49776 


49790 


49803 


49817 


31S 


49831 


49845 


49859 


49872 


49886 


49900 


49914 


49927 


49941 


49 955 


316 


49969 


49982 


49996 


50010 


50024 


50037 


50051 


50065 


50079 


50092 


317 


50106 


50120 


50133 


50147 


50161 


50174 


50188 


50202 


50215 


50229 


318 


50243 


50256 


50270 


50284 


50297 


50311 


50325 


50338 


50352 


50365 


319 


50379 


50393 


50406 


50420 


50433 


50447 


50461 


50474 


50488 


50501 


820 


50515 


50529 


50542 


50556 


50569 


50583 


50596 


50610 


50623 


50637 


321 


50651 


50664 


50678 


50691 


50705 


50718 


50732 


50745 


50759 


50772 


322 


50786 


50799 


50813 


50826 


50840 


50853 


50866 


50880 


50893 


50907 


323 


50920 


50934 


50947 


50961 


50974 


50987 


51001 


51014 


51028 


51 041 


324 


5105s 


51068 


51 081 


5109s 


51108 


51121 


51 135 


51148 


51 162 


51175 


325 


51 188 


51202 


51 215 


51228 


51242 


51 255 


51268 


51282 


51295 


51 308 


326 


51322 


51335 


51348 


5136a 


51375 


51388 


51402 


51415 


51428 


51441 


327 


51455 


51 468 


51 481 


51 495 


51508 


51 521 


51534 


51548 


51 561 


51574 


328 


51587 


51 601 


51 614 


51627 


51640 


51 654 


51667 


51680 


51693 


51706 


329 


51720 


51733 


51746 


51759 


51772 


51786 


51799 


51812 


51825 


51838 


880 


51 851 


51865 


SI 878 


SI 891 


51904 


51917 


51930 


51943 


51957 


51970 


331 


51983 


51996 


52009 


52022 


52035 


52048 


52061 


52075 


52088 


52101 


332 


52 "4 


52127 


52140 


52153 


52166 


52179 


52192 


52205 


52218 


52231 


333 


52244 


52257 


52270 


52284 


52297 


52310 


52323 


52336 


52349 


52362 


334 


52375 


52388 


52401 


52414 


52427 


52440 


52453 


52466 


52479 


52492 


335 


52504 


52517 


52530 


52543 


52556 


52569 


52582 


52595 


52608 


52621 


336 


52634 


52647 


52660 


52673 


52686 


52699 


52711 


52724 


52737 


52750 


337 


52763 


52776 


52789 


52802 


52815 


52827 


52840 


52853 


52866 


52879 


338 


52892 


52905 


52917 


52930 


52943 


52956 


52969 


52982 


52994 


53007 


339 


53020 


53033 


53046 


53058 


53071 


53084 


53097 


53110 


53iaa 


53135 



24 



No. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


840 


55148 


53 161 


53173 


53186 


53199 


53212 


53224 


53237 


53250 


53263 


341 


53275 


53288 


53301 


53314 


53326 


53 339 


53352 


53364 


53 377 


53390 


342 


53403 


53415 


53428 


53441 


53 453 


53466 


53 479 


53491 


53504 


53517 


343 


53529 


53542 


53555 


53567 


53580 


53 593 


53605 


53618 


53631 


53643 


344 


53656 


53668 


53681 


53694 


53706 


53719 


53732 


53 744 


53757 


53769 


345 


53782 


53 794 


53807 


53820 


53832 


53845 


53857 


53870 


53882 


53895 


346 


53908 


53920 


53933 


53 945 


53958 


53970 


53983 
54108 


53 995 


54008 


54020 


347 


54033 


54045 


54058 


54070 


54083 


54095 


54120 


54133 


54145 


348 


54158 


54170 


54183 


54195 


54208 


54220 


54233 


54245 


54258 


54270 


349 


54283 


54295 


54307 


54320 


54332 


54345 


54357 


54370 


54382 


54 394 


850 


54407 


54419 


54432 


54444 


54456 


54469 


54481 


54494 


54506 


54518 


351 


54531 


itr^ 


54 555 


54568 


54580 


54 593 


54605 


54617 


54630 


54642 


352 


54654 


54679 


54691 


54704 


54716 


54728 


54741 


54753 


54765 


353 


54 777 


54790 


54802 


54814 


54827 


54839 


54851 


54864 


54876 


54888 


354 


54900 


54913 


54925 


54 937 


54 949 


54962 


54 974 


54986 


54998 


55011 


355 


55023 


55035 


55047 


55060 


55072 


55084 


55096 


55108 


55121 


55133 


356 


55145 


55157 


55169 


55182 


55194 


55206 


55218 


55230 


55242 


55255 


357 


55^ 


55279 


55291 


55303 


55315 


55328 


55340 


55352 


55364 


55376 


358 


55388 


55400 


55413 


55425 


55*437 


55449 


55461 


55473 


55485 


55 497 


359 


55509 


55522 


55 534 


55546 


55558 


55570 


55582 


55 594 


55606 


55618 


360 


55630 


55642 


55654 


55666 


55678 


55691 


55703 


55715 


55727 


55 739 


361 


55751 


55763 


55 775 


55787 


55 799 


55 811 


55823 


55835 


55847 


55859 


362 


55871 


55883 


55895 


55907 


55919 


55931 


55 943 


55955 


55967 


55979 


363 


55991 


i^6oo3 


56015 


56027 


56038 


56050 


56062 


56074 


56086 


56098 


364 


56 no 


56122 


56134 


56146 


56158 


56170 


56182 


56194 


56205 


56217 


365 


56229 


56241 


56253 


56265 


56277 


56289 


56301 


56312 


56324 


56336 


366 


56348 


56360 


56372 


56384 


56396 


56407 


56419 


56431 


56443 


56455 


367 


56467 


56478 


56490 


56502 


56514 


56526 


56538 


56549 


56561 


56573 


368 


56585 


56597 


56608 


56620 


56632 


56644 


56656 


56667 


56679 


56691 


369 


56703 


56714 


56726 


56738 


56750 


56761 


56773 


56785 


56797 


56808 


370 


56820 


56832 


56844 


56855 


56867 


56879 


56891 


56902 


56914 


56926 


371 


56937 


56949 


56961 


56972 


56984 


56996 


57008 


57019 


57031 


57043 


372 


57054 


57066 


57078 


57089 


57101 


57113 


57124 


57136 


57148 


57159 


373 


57 171 


57183 


57194 


57206 


57217 


57229 


57241 




57264 


57276 


374 


57287 


57299 


57310 


57322 


57 334 


57 345 


57 357 


57368 


57380 


57392 


375 


57403 


57415 


57426 


57438 


57449 


57461 


57 473 


57484 


57496 


57507 


376 


57 519 


57530 


57542 


57 553 


57565 


57576 


57588 


57600 


57611 


57623 


377 


57634 


57646 


57657 


57669 


57680 


57692 


57703 


57715 


57726 


57738 


378 


57 749 


57761 


57772 


57784 


57 795 


57807 


57818 


57830 


57841 


57852 


379 


57864 


57875 


57887 


57898 


57910 


57921 


57 933 


57 944 


57 955 


57967 


880 


57978 


57990 


58001 


58013 


58024 


58035 


58047 


58058 


58070 


58081 


381 


58092 


58104 


58 115 


58127 


58138 


58149 


58 161 


58172 


58184 


58195 


382 


58206 


58218 


58229 


58240 


58252 


58263 


58274 


58286 


58297 


58309 


383 


58320 


58331 


58343 


58354 


58365 


58377 


58388 


58399 


58410 


58422 


384 


58433 


58444 


58456 


58467 


58478 


58490 


58501 


58512 


58524 


58535 


38S 


58546 


58557 


58569 


58580 


58591 


58602 


58614 


58625 


58636 


58647 


386 


58659 


58670 


58681 


58692 


58704 


58715 


58726 


58737 


58749 


58760 


387 


58771 


58782 


58794 


58805 


58816 


58827 


58838 


58850 


58861 


58872 


388 


58883 


58894 


58906 


58917 


58928 


58939 


58950 


58961 


58973 


58984 


389 


58995 


59006 


59017 


59028 


59040 


59051 


59062 


59073 


59084 


59095 


890 


59106 


59 "8 


59129 


59140 


59151 


59162 


59173 


59184 


59195 


59207 


391 


59218 


59229 


59240 


59251 


59262 


59273 


59284 


59295 


59306 


59318 


392 


59329 


59340 


59351 


59362 


59 373 


59384 


59 395 


59406 


59417 


59428 


393 


59439 


59450 


59461 


59472 


59483 


59 494 


59506 


59517 


59528 


59 539 


394 


59550 


59561 


59572 


59583 


59594 


59605 


59616 


59627 


59638 


59649 


395 


59660 


59671 


59682 


59693 


59704 


59715 


59726 


59 737 


59748 


59759 


396 


59770 


59780 


59791 


59802 


59813 


59824 


59835 


59846 


59857 


59868 


397 


59879 


59890 


59901 


59912 


59923 


59 934 


59 945 


59956 


59966 


59 977 


398 


59988 


59 999 


60010 


60021 


60032 


60043 


60054 


60065 


60076 


60086 


399 


60097 


60108 


60 119 


60130 


60 141 


60152 


60163 


60173 


60184 


60195 



25 



No. 





1 


2 


8 


4 


5 


6 


7 


8 


9 


400 


60206 


60217 


60228 


60239 


60249 


60260 


60271 


60282 


60293 


60304 


401 


60314 


60325 


60336 


60347 


60358 


60369 


60379 


60390 


60401 


60412 


402 


60423 


60433 


60444 


60455 


60466 


60477 


60487 


60498 


60509 


60520 


403 


60531 


60541 


60552 


60563 


60574 


60584 


60595 


60606 


60617 


60627 


404 


60638 


60649 


60660 


60670 


60681 


60692 


60703 


60713 


60724 


60735 


405 


60746 


60756 


60767 


60778 


60788 


60799 


60810 


60821 


60831 


60842 


406 


60853 


60863 


60874 


60885 


60895 


60906 


60917 


60927 


60938 


60949 


407 


60959 


60970 


60981 


60991 


61002 


61 013 


61 023 


61034 


61045 


61055 


408 


61066 


61077 


61087 


6Z098 


61 109 


61 119 


61 13b 


61 140 


61151 


61 162 


409 


61 172 


61 183 


61 194 


61 204 


61 215 


61225 


61236 


61247 


61257 


61268 


410 


61 278 


61289 


61300 


61 310 


61 321 


61 331 


61342 


6135a 


61363 


61374 


411 


61384 


61395 


61405 


61 416 


61426 


61437 


61448 


61458 


61469 


61479 


41a 


61490 


61500 


61 511 


61 521 
61627 


61532 


61542 


61553 


61563 


61574 


61584 


413 


61595 


61606 


61 616 


61637 


61648 


61658 


61669 


61679 


61690 


414 


61700 


61 711 


61 721 


61 731 


61742 


61752 


61763 


61773 


61784 


61794 


41S 


61 80s 


61 815 


61826 


61836 


61847 


61857 


61868 


61878 


61888 


61899 


416 


61909 


61920 


61930 


61941 


61 951 


61962 


61972 


61982 


61993 


62003 


417 


62014 


62024 


62034 


62045 


62055 


62066 


62076 


62086 


62097 


62107 


418 


62 118 


62128 


62 138 


62149 


62159 


62170 


62180 


62190 


62201 


62211 


419 


62221 


62232 


62242 


62252 


62263 


62273 


62284 


62294 


62304 


62 315 


420 


62325 


62335 


62346 


62356 


62366 


62377 


62387 


62397 


62408 


62418 


421 


62428 


62439 


62449 


62459 


62469 


62480 


62490 


62500 


62 511 


62521 


422 


62531 


62542 


62552 


62562 


62572 


62583 


62593 


62603 


62613 


62624 


423 


62634 


62644 


62655 


62665 


62675 


62685 


62696 


62706 


62716 


62726 


424 


62737 


62747 


62757 


62767 


62778 


62788 


62798 


62808 


62818 


62829 


425 


62839 


62849 


62859 


62870 


62880 


6i89o 


62900 


62910 


62921 


62931 


426 


62941 


62951 


62961 


62972 


62982 


62992 


63002 


63012 


63022 


63033 


427 


63043 


63053 


63063 


63073 


63083 


63094 


63104 


63 114 


63124 


63134 


428 


63144 


63155 


63165 


63175 


63185 


63195 


63205 


63215 


63225 


63236 


429 


63246 


63256 


63266 


63276 


63286 


63296 


63306 


63317 


63327 


63337 


430 


63347 


63357 


63367 


63377 


63387 


63397 


63407 


63417 


63428 


63438 


431 


63448 


63458 


63468 


63478 


63488 


63498 


63508 


63518 


63528 


63538 


432 


63548 


63558 


63568 


63579 


63589 


63599 


63609 


63619 


63629 


63639 


433 


63649 


63659 




63679 


63689 




63709 


63719 


63729 


63739 


434 


63749 


63759 


63769 


63779 


63789 


63799 


63809 


63819 


63829 


63839 


435 


63849 


63859 


63869 


63879 


63889 


63899 63909 


63919 


63929 


63939 


436 


63949 


63959 


63969 


63979 


63988 


63998 


64008 


64018 


64028 


64038 


437 


64048 


64058 


64068 


64078 


64088 


64098 


64108 


64 118 


64 128 


64137 


438 


64147 


64157 


64167 


64177 


64187 


64197 


64207 


64217 


64227 


64237 


439 


64246 


64256 


64266 


64276 


64286 


64296 


64306 


64316 


64326 


64335 


440 


64345 


64355 


64365 


64375 


64385 


64395 


64404 


64414 


64424 


64434 


441 


64444 


64454 


64464 


64473 


64483 


64493 


64503 


64513 


64523 


64532 


442 


64542 


64552 


64562 


64572 


64582 


64591 


64601 


64 611 


64621 


64631 


443 


64640 


64650 


64660 


64670 


64680 


64689 


64699 


64709 


64719 


64729 


444 


64738 


64748 


64758 


64768 


64777 


64787 


64797 


64807 


64816 


64826 


^ 


64836 


64846 


64856 


64865 


64875 


64885 


64895 


64904 


64914 


64924 


64933 


64943 


64953 


64963 


64972 


64982 


64992 


65002 


65 on 


65021 


447 


65031 


65040 


65050 


65060 


65070 


65079 


65089 


65099 


65108 


65 118 


448 


65 128 


65137 


65147 


65 157 


65167 


65176 


65186 


65196 


65205 


65215 


449 


65225 


65234 


65244 


65254 


65263 


65273 


65283 


65292 


65302 


65312 


460 


65321 


65331 


65341 


65350 


65360 


65369 


65379 


65389 


65398 


65408 


451 


65418 


65427 


65437 


65447 


65456 


6^466 


65475 


65485 


65495 


65504 


452 


65514 


65523 


65533 


65543 


65552 


65562 


65571 


65581 


65591 


65600 


453 


65610 


65619 


65629 


65639 


65648 


65658 


65667 


65677 


65686 


65696 


454 


65706 


65715 


65725 


65734 


65744 


65 753 


65763 


65772 


65782 


65792 


455 


65801 


65 811 


65820 


65830 


65839 


65849 


65858 


65868 


65877 


65887 


456 


65896 


65906 


65916 


65925 


65935 


65944 


65954 


65963 


65973 


65982 


457 


65992 


66001 


66 on 


66020 


66030 


66039 


66049 


66058 


66068 


66077 


458 


66087 


66096 


66106 


66 115 


66124 


66134 


66143 


66153 


66162 


66172 


459 


66 181 


66 191 


66200 


66210 


66219 


66229 


66238 


66247 


66257 


66266 



26 



No. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


460 


66 276 


66285 


66295 


66304 


66314 


66323 


66332 


66342 


66351 


66361 


461 


66370 


66380 


66389 


66398 


66408 


66417 


66427 


66436 


66445 


66455 


462 


66464 


66474 


66483 


66492 


66502 


665x1 
66605 


66521 
666x4 


66530 


66539 


66549 


463 


66558 


66567 


66577 


66586 


66596 


66624 


66633 


66642 


464 


66652 


66661 


66671 


66680 


66689 


66699 


66708 


66717 


66727 


66736 


% 


66745 


66755 


66764 


66773 


66783 


66792 


66 Sox 


66811 


66820 


66829 


66839 


66848 


66857 


66867 


66876 


66885 


66894 


66904 


66913 


66922 


467 


66932 


66941 


66950 


66 960 


66969 


66978 


66987 


66997 


67 006 


67015 


468 


67025 


67034 


67043 


67052 


67062 


67071 


67080 


67089 


67099 


67 108 


469 


67 117 


67127 


67136 


67145 


67154 


67164 


67173 


67182 


67191 


67201 


470 


67210 


67219 


67 228 


67237 


67247 


67256 


67265 


67274 


67284 


67293 


471 


67302 


673" 


67321 


67330 


67339 


67348 


67357 


67367 


67376 


67385 


472 


67394 


67403 


67413 


67422 


67431 


67440 


67449 


67459 


67468 


67477 


473 


67486 


67495 


67504 


67514 


67523 


67532 


67541 


67550 


67560 


&7 c6q 


474 


67578 


67587 


67596 


67605 


67614 


67624 


67633 


67642 


67651 


67660 


475 


67669 


67679 


67688 


67697 


67 706 


67715 


67724 


67733 


67742 


67752 


476 


67761 


67770 


67779 


67788 


67797 


67806 


67815 


67825 


67834 


67843 


A77 


67852 


67861 


67870 


67879 


67888 


67897 


67906 


67916 


67925 


67934 


478 


67943 


67952 


67961 


67970 


67979 


67988 


67997 


68006 


68015 


68024 


479 


68034 


68043 


68052 


6806Z 


68070 


68079 


68088 


68097 


68106 


68115 


480 


68124 


68133 


68142 


68 151 


68160 


68169 


68178 


68187 


68196 


68205 


481 


68215 


68224 


68233 


68242 


68251 


68260 


68269 


68278 


68287 


68296 


482 


68305 


68314 


68323 


68332 


68341 


68350 


68359 


68368 


68377 


68386 


483 


68 395 


68404 


68413 


68422 


68431 


68440 


68449 


68458 


68467 


68476 


484 


68485 


68494 


68502 


68511 


68520 


68529 


68538 


68547 


68556 


68565 


48s 


68574 


68583 


68592 


68601 


68610 


68619 


68628 


68637 


68646 


68655 


486 


68664 


68673 


68681 


68690 


68699 


68708 


68717 


68726 


68735 


68744 


487 


68753 


68762 


68771 


68780 


68789 


68797 


68806 


68815 


68824 


68833 


488 


68842 


68851 


68860 


68869 


68878 


68 886 


68895 


68904 


68913 


68922 


489 


68931 


68940 


68 949 


68958 


68966 


68975 


68984 


68993 


69002 


69 oil 


490 


69020 


69028 


69037 


69046 


69055 


69064 


69073 


69082 


69090 


69099 


491 


69108 


69117 


69126 


69135 


69144 


69152 


69x61 


69170 


69179 


69188 


492 


69197 


69205 


69214 


69223 


69232 


69241 


69249 


69258 


69267 


69276 


493 


69285 


69294 


69302 


693" 


69320 


69329 


69338 


69346 


69355 


69364 


494 


69373 


69381 


69390 


69399 


69408 


694x7 


69425 


69434 


69443 


69452 


495 


69461 


69469 


69478 


69487 


69496 


69504 


69513 


69522 


69531 


69539 


496 


69548 


69557 


69S66 


69574 


69583 


69592 


69601 


69609 


69618 


69627 


497 


69636 


69644 


69653 


69662 


69671 


69679 


69688 


69697 


69705 


69714 


498 


69723 


69732 


69740 


69749 


69758 


69767 


69775 


69784 


69793 


69801 


499 


69810 


69819 


69827 


69836 


69845 


69854 


69862 


69871 


69880 


69888 


500 


69897 


69906 


69914 


69923 


69932 


69940 


69949 


69958 


69966 


6997s 


501 


69984 


69992 


70001 


70010 


70018 


70027 


70036 


70044 


70053 


70062 


502 


70070 


70079 


70088 


70096 


70105 


701x4 


70122 


70131 


70140 


70148 


503 


70157 


70165 


70174 


70183 


70 191 


70200 


70209 


70217 


70226 


70234 


504 


70243 


70252 


70260 


70269 


70278 


70286 


70295 


70303 


70312 


70321 


505 


70329 


70338 


70346 


70355 


70364 


70372 


70381 


70389 


70398 


70406 


506 


70415 


70424 


70432 


70441 


70449 


70458 


70467 


70475 


704S4 


70492 


507 


70501 


70509 


70518 
70603 


70526 


70535 


70544 


70552 


70561 


70569 


70578 


508 


70586 


70595 


70612 


7062X 


70629 


70638 


70646 


70655 


70663 


509 


70672 


70680 


70689 


70697 


70706 


707x4 


70723 


70731 


70740 


70749 


610 


70757 


70766 


70774 


70783 


70791 


70800 


70808 


70817 


70825 


70834 


5" 


70842 


70851 


70859 


70868 


70876 


70885 


70893 


70902 


709x0 


70919 


512 


70927 


7093s 


70944 


70952 


70961 


70969 


70978 


70986 


70995 


71003 


513 


71 012 


71020 


71029 


71037 


71046 


71054 


71063 


71071 


71079 


71088 


514 


71096 


71 105 


71 113 


71 122 


71 130 


71139 


71147 


71 15s 


71 164 


71172 


515 


71 181 


71 189 


71 198 


71 206 


71 214 


71223 


71231 


71240 


71248 


71257 


516 


71265 


71273 


71282 


71290 


71299 


71307 


71315 


71324 


71332 


71341 


517 


71349 


71357 


71366 


71374 


71383 


71391 


71399 


71408 


71416 


71425 


518 


71433 


71 441 


71450 


7x458 


7x466 


71475 


71483 


71492 


71500 


71508 


519 


71 517 


71525 


71533 


71542 


71 550 


71559 


71567 


71575 


71584 


71592 



27 



No. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


520 


71 600 


71609 


71 617 


71625 


71634 


71642 


71650 


71659 


71667 


71675 


521 


71684 


71692 


71700 


71709 


71717 


71725 


71734 


71742 


71750 


71759 


522 


71767 


7^77$ 


71784 


71792 


71800 


71809 


71817 


71825 
71908 


71834 


71842 


523 


71850 


71858 


71867 


71875 


71883 


71892 


71900 


71917 


71925 
72008 


524 


71933 


71 941 


71950 


71958 


71966 


71975 


71983 


71991 


71999 


525 


72016 


72024 


72032 


72041 


72049 


72057 


72066 


72074 


72082 


72090 


526 


72099 


72107 


72 115 


72123 


72132 


72140 


72148 


72156 


72165 


72173 


527 


72 181 


72189 


72198 


72206 


72214 


72222 


72230 


72239 


72247 


72255 


528 


72263 


72272 


72280 


72288 


72296 


72304 


72313 


72321 


72329 


72337 


529 


72346 


72354 


72362 


72370 


72378 


72387 


72395 


72403 


72411 


72419 


680 


72428 


72436 


72444 


72452 


72460 


72469 


72477 


72485 


72493 


72501 


531 


72509 


72518 


72526 


72534 


72542 


72550 


72558 
72640 


72567 


72575 


72583 


532 


72591 


72599 


72607 


72616 


72624 


72632 


72648 


72656 


72665 


533 


72673 


72681 


72689 


72697 


72705 


72713 


72722 


72730 


72738 


72746 


534 


72754 


72762 


72770 


72779 


72787 


72795 


72803 


72 811 


72819 


72827 


535 


72835 


72843 


72852 


72860 


72868 


72876 


72884 


72892 


72900 


72908 


536 


72916 


72925 


72933 


72941 


72949 


72957 


72965 


72973 


72981 


72989 


537 


72997 


73006 


73014 


73022 


73030 


73038 


73046 


73054 


73062 


73070 


538 


73078 


73086 


73094 


73102 


73 III 


73119 


73127 


73135 


73143 


73151 


539 


73159 


73167 


73175 


73183 


73 191 


73199 


73207 


73215 


73223 


73231 


540 


73239 


73247 


73255 


73263 


73272 


73280 


73288 


73296 


73304 


73312 


541 


73320 


73328 


73336 


73 344 


73352 


73360 


73368 


73376 


73384 


73392 


542 


73400 


73408 


73416 


73424 


73432 


73440 


73448 


73456 


73464 


73472 


543 


73480 


73488 


73496 


73504 


73512 


73 520 


73528 


73536 


73 544 


73552 


544 


73560 


73568 


73576 


73584 


73592 


73600 


73608 


73616 


73624 


73632 


545 


73640 


73648 


73656 


73664 


73672 


73679 


73687 


73695 


73703 


73711 


546 


73719 


73727 


73 735 


73 743 


73751 


73 759 


73767 


73 775 


73783 


73791 


547 


73 799 


73807 


73815 


73823 


73830 


73838 


73846 


73854 


73862 


73870 


548 


73878 


73886 


73894 


73902 


73910 


73918 


73926 


73933 


73941 


73 949 


549 


73957 


73965 


73 973 


73981 


73989 


73 997 


74005 


74013- 


74020 


74028 


660 


74036 


74044 


74052 


74060 


74068 


74076 


74084 


74092 


74099 


74107 


551 


74 "5 


74123 


74 131 


74139 


74147 


74155 


74163 


74170 


74178 


74186 


552 


74194 


74202 


74210 


74218 


74225 


74233 


74241 


74249 


74257 


74265 


553 


74273 


74280 


74288 


74296 


74304 


74312 


74320 


74327 


74 335 


74 343 


554 


74351 


74 359 


74367 


74 374 


74382 


74390 


74398 


74406 


74414 


74421 


555 


74429 


74 437 


74445 


74 453 


74461 


74468 


74476 


74484 


74492 


74500 


556 


74507 


74515 


74523 


74531 


74 539 


74 547 


74 554 


74562 


74570 


74578 


557 


74586 


74 593 


74601 


74609 


74617 


74624 


74632 


74640 


74648 


74656 


558 


74663 


74671 


74679 


74687 


74695 


74702 


74710 


74718 


74726 


74 733 


559 


74741 


74 749 


74 757 


74764 


74772 


74780 74788 


74796 


74803 


74 811 


660 


74819 


74827 


74834 


74842 


74850 


74858 


74865 


74873 


74881 


74889 


561 


74896 


74904 


74912 


74920 


74927 


74 935 


74943 


74950 


74958 


74966 


562 


74 974 


74981 


74989 


74997 


75005 


75012 


75020 


75028 


75035 


75043 


563 


75051 


75059 


75066 


75074 


75082 


75089 


75097 


75105 


75113 


75120 


564 


75128 


75136 


75143 


75151 


75159 


75166 


75174 


75182 


75189 


75197 


5^1 


75205 


75213 


75220 


75228 


75236 


75243 


75251 


75259 


75266 


75274 


566 


75282 


75289 


75297 


75305 


75312 


75320 


75328 


75 335 


75 343 


75351 


567 


75358 


75366 


75 374 


75381 


75389 


75 397 


75404 


75412 


75420 


75427 


568 


75 435 


75 442 


75450 


75458 


75465 


75 473 


75481 


75488 


75496 


75504 


569 


75 5" 


75519 


75526 


75 534 


75542 


75 549 


75 557 


75565 


75572 


75580 


570 


75587 


75 595 


75603 


75610 


75618 


75626 


75633 


75641 


75648 


75656 


571 


75664 


75671 


75679 


75686 


75694 


75702 


75709 


75717 


75724 


75732 


572 


75740 


75 747 


75 755 


75762 


75770 


75778 


75785 


75 793 


75800 


75808 


573 


75815 


75823 


75831 


75838 


75846 


75853 


75861 


75868 


75876 


75884 


574 


75891 


75899 


75906 


75914 


75921 


75929 


75 937 


75 944 


75952 


75 959 


575 


75967 


75 974 


75982 


75989 


75997 


76005 


76012 


76020 


76027 


76035 




76042 


76050 


76057 


76065 


76072 


76080 


76087 


76095 


76103 


76 no 


577 


76 118 


76125 


76133 


76140 


76148 


76155 


76163 


76170 


76178 


76185 


578 


76193 


76200 


76208 


76 215 


76223 


76230 


76238 


76245 


76253 


76260 


579 


76268 


76275 


76283 


76290 


76298 


76305 


76313 


76320 


76328 


76335 



28 



No. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


580 


76343 
76418 


76350 


76358 


76365 


76373 


76380 


76388 


76395 


76403 


76410 


S8i 


76425 


76433 


76440 


76448 


76455 


76462 


76470 


76477 


76485 


582 


76492 


76500 


76507 


76515 


7652a 


76604 


76537 


76545 


76552 


76559 


583 


76567 


76574 


7658a 


76589 


76597 


76612 


76619 


76626 


76634 


584 


76641 


76649 


76656 


76664 


76671 


76678 


76686 


76693 


76701 


76708 


585 


76716 


76723 


76730 


76738 


7674s 


76753 


76760 


76768 


76775 


76782 


586 


76790 


76797 


7680s 


7681a 


76819 


76827 


76834 


76842 


76849 


76856 


587 


76864 


76871 


76879 


76886 


76893 


76901 


76908 


76916 


76923 


76930 


588 


76938 


76945 


76953 


76960 


76967 


7697s 
77048 


76982 


76989 


76997 


77004 


S89 


7701a 


77019 


77026 


77034 


77041 


77056 


77063 


77070 


77078 


590 


77085 


77093 


77100 


77107 


7^^o§ 


77122 


77129 


77137 


77144 


77151 


591 


77159 


77166 


77173 


77 181 


77188 


77195 


77203 


77210 


77217 


77225 


592 


77232 


77240 


77247 


77254 


77a6a 


77269 


77276 


77283 


77291 


77298 


593 


77305 


77313 


77320 


77327 


77 335 


77342 


77349 


77 357 


77364 


77371 


594 


77379 


77386 


77393 


77401 


77408 


77 415 


77422 


77430 


77437 


77 444 


595 


77452 


77459 


77466 


77 474 


77481 


77488 


77495 


77503 


77510 


77517 


596 


77525 


77532 


77539 


77546 


77 554 


77561 


77568 


77576 


77583 


77590 


597 


77597 


77605 


77612 


77619 


77627 


77634 


77641 


77648 


77656 


77663 


598 


77670 


77677 


77685 


77692 


77699 


77706 


77714 
77786 


77721 


77728 


V.'^ 


599 


77743 


77750 


msj 


77764 


77772 


77779 


77 793 


77801 


600 


77815 


77822 


77830 


77837 


77844 


77851 


77859 


77866 


77873 


77880 


601 


77887 


77895 


77902 


77909 


77916 


77924 


77931 


77938 


77 945 


77952 


602 


77960 


77967 


77974 


77981 


77988 


77996 


78003 


78010 


78017 


78025 


603 


78032 


78039 


78046 


78053 


78061 


78068 


78075 


78082 


78089 


78097 


604 


78104 


78 III 


78118 


78125 


78132 


78140 


78147 


78154 


78 161 


78168 


605 


78176 


78183 


78190 


78197 


78204 


78 211 


78ai9 


78336 


78233 


78240 


606 


78247 


78254 


78262 


78269 


78276 


78283 


78290 


78297 


78305 


78312 


607 


78319 


78326 


78333 


78340 


78347 


78355 


78362 


78369 




78383 


608 


78390 


78398 


78405 


78412 


78419 


78426 


78433 


78440 


78447 


78455 


609 


78462 


78469 


78476 


78483 


78490 


78497 


78504 


78512 


78519 


78526 


610 


78533 


78540 


78547 


78554 


78561 


78569 


78576 


78583 


78590 


78597 


611 


78604 


78 611 


78618 


786^ 


78633 


78640 


78647 


78654 


78661 


78668 


612 


7867s 


78682 


78689 


78704 


78 711 


78718 


78725 


78732 


78739 


613 


78746 


78753 


78760 


78767 


78774 


78781 


78789 


78796 


78803 


78810 


614 


78817 


78824 


78831 


78838 


78845 


78852 


78859 


78866 


78873 


78880 


615 


78888 


78895 


7890a 


78909 


78916 


78923 


78930 


78937 


78944 


78951 


616 


78958 


78965 


78972 


78979 


78986 


78993 


79000 


79007 


79014 


79021 


617 


79029 


79036 


79043 


79050 


79057 


79064 


79071 


79078 


79085 


79092 


618 


79099 


79106 


79 "3 


79120 


79127 


79134 


79 141 


79148 


79155 


79162 


619 


79169 


79176 


79183 


79190 


79197 


79204 


79 211 


79218 


79225 


79232 


620 


79239 


79246 


79253 


79260 


79267 


79274 


79281 


79288 


7929s 


79302 


621 


79309 


79316 


79323 


79330 


79 337 


79 344 


79351 


79358 


79365 


79372 


622 


79379 


79386 


79 393 


79400 


79407 


79414 


79421 


79428 


79435 


79442 


623 


79449 


79456 


79463 


79470 


79477 


79484 


79491 


79498 


79505 


79511 


624 


79518 


79525 


79532 


79539 


79546 


79 553 


79560 


79567 


79 574 


79581 


625 


79588 


79595 


79602 


79609 


79616 


79623 


79630 


79637 


79644 


79650 


626 


79657 


79664 


79671 


79678 


79685 


79692 


79699 


79706 


79713 


79720 


627 


79727 


79734 


79741 


79748 


79 754 


79761 


79768 


79 775 


79782 


79789 


628 


79796 


79803 


79810 


79817 


79824 


79831 


79837 


79844 


79851 


79858 


629 


79865 


79872 


79879 


79886 


79893 


79900 


79906 


79913 


79920 


79927 


630 


79934 


79941 


79948 


79 955 


79962 


79969 


79 975 


79982 


79989 


79996 


631 


80003 


80010 


80017 


80024 


80030 


80037 


80044 


80051 


80058 


80065 


632 


80072 


80079 


80085 


80092 


80099 


80106 


80 113 


80120 


80127 


80134 


633 


80140 


80147 


80154 


80 161 


80168 


80x75 


80182 


80188 


80195 


80202 


655 


80209 


80216 


80223 


80229 


80236 


80243 


80250 


80257 


8026^ 


80271 


635 


80277 


80284 


80291 


80298 


80305 


80312 


80318 


80325 


80332 


80339 


636 


80346 


80353 


80359 


80366 


80373 


80380 


80387 


80393 


80400 


80407 


637 


80414 


80421 


80428 


80434 


80441 


80448 


80455 


80462 


80468 


80475 


638 


80482 


80489 


80496 


80502 


80509 


80516 


80523 


80530 


80604 


80543 


639 


80550 


80557 


80564 


80570 


80577 


80584 


80591 


80598 


80 611 



29 



No. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


640 


80618 


80625 


80632 


80638 


8064s 


8065a 


80659 


80665 


80672 


80679 


^i 


80686 


80693 


80699 


80706 


80713 


80720 


8o7a6 


80733 


80740 


80747 


642 


80754 


80760 


80767 


80774 


80781 


80787 


80794 


80 861 


80808 


808x4 


643 


80821 


80828 


80835 


80841 


80848 


8085s 


80862 


80868 


80875 


80882 


644 


80889 


80895 


80902 


80909 


80916 


80922 


80939 


80936 


80943 


80949 


^1 


80956 


80963 


80969 80976 


80983 


80990 


80996 


8x003 


8x010 


81 017 


646 


81023 


81030 


81037 


81043 


81050 


81057 


8x064 


81070 


8x077 


8x084 


647 


81090 


81097 


81104 


81 III 


81 117 


8x X24 


81 131 


8x137 


81 144 


8X15X 


648 


81 158 


81 164 


81171 


81 178 


81 184 


8x 191 


81198 


81204 


81 211 


8x218 


649 


81224 


81 231 


81238 


81245 


81 251 


8x258 


81265 


8x271 


81278 


81285 


650 


81 291 


81298 


81305 


813" 


81 318 


8x325 


81 331 


81338 


81345 


81351 


651 


81358 


81365 


!'37i 


81378 


81385 


81 391 


81398 


8x405 


8x411 


81418 


652 


81425 


81 431 


81438 


81445 


81 451 


8x458 


8x465 


8x471 


81478 


81485 


653 


81491 


81498 


81505 


81 5" 


81 518 


81525 


81531 


81538 


81544 


81551 


654 


81558 


81564 


81 571 


81578 


81584 


81 591 


81598 


8x604 


8i6xx 


81 617 


f5S 


81624 


81 631 


81637 


81644 


81 651 


8x657 


8x664 


81671 


8x677 


81684 


656 


81690 


81697 


8x704 


81 710 


81 717 


81723 


81730 


81737 


81743 


81750 


657 


81757 


81763 


81770 


81776 


81783 


81790 


81796 


8x8^ 


81809 


818x6 


658 


81823 


81829 


81836 


81842 


81849 


81856 


8x862 


8x869 


8x875 


81882 


659 


81889 


81895 


81902 


81908 


81915 


81 921 


81928 


81935 


8x941 


81948 


660 


81954 


81 961 


81968 


81974 


81 981 


8x987 


8x994 


82000 


82007 


82014 


661 


82020 


82027 


82033 


82040 


82046 


82053 


82060 


82066 


ll?^ 


82079 


662 


82086 


82092 


82099 


82105 


82 1X2 


82 119 


82x25 


82x32 


82145 


663 


82 151 


82158 


82164 


82 171 


82178 


82184 


82x91 


82x97 


82204 


82210 


664 


82217 


82223 


82230 


82236 


82243 


82249 


82256 


82263 


82269 


82276 


665 


82282 


82289 


82295 


82302 


82308 


82315 


8232X 


82328 


82334 


82341 


666 


82347 


82354 


82360 


82367 


82373 


82380 


82387 


82393 


82400 


82406 


667 


82413 


82419 


82426 


82432 


82439 


82445 


82 45a 


82458 


82465 


8247X 


668 


82478 


82484 


82491 


82497 


82504 


82510 


82517 


82523 


82530 


82536 


669 


82543 


82549 


82556 


82562 


82569 


82575 


82582 


82588 


82595 


8260X 


670 


82607 


82614 


82620 


82627 


82633 


82640 


82646 


82653 


82659 


82666 


671 


82672 


82679 


82685 


82692 


82698 


82705 


82 711 


82718 


82724 


82730 


672 


82737 


82743 


82750 


82756 


82763 


82769 


82776 


82782 


82789 


82795 


673 


82802 


82808 


82814 


82821 


82827 


82834 


82840 


82847 


82853 


82860 


674 


82866 


82872 


82879 


82885 


82892 


82898 


82905 


8291X 


82918 


82924 


675 


82930 


82937 


llt^ 


82950 


82956 


82963 


82969 


82975 


82982 


82988 


676 


82995 


83001 


83014 


83020 


83027 


83033 


83040 


83046 


83052 


677 


83059 


83065 


83072 


83078 


83085 


83091 


83097 


83104 


83 no 


83117 


678 


83123 


83129 


83136 


83142 


83149 


83155 


83161 


83168 


83174 


83 181 


679 


83187 


83193 


83200 


83206 


83213 


83219 


83225 


83232 


83238 


83245 


680 


83251 


83257 


83264 


83270 


83276 


83283 


83289 


83296 


83302 


83308 


681 


83315 


83321 


83327 


83334 


83340 


83347 


83353 


83359 


83366 


83372 


682 


83378 


83385 


83391 


83398 


83404 


83410 


83417 


83423 


83429 


83436 


683 


83442 


83448 


?3 4S5 
83518 


83461 


83467 


83474 


83480 


83487 


83493 


83499 


684 


83506 


83512 


83525 


83531 


83537 


83544 


83550 


83556 


83563 


68s 


83569 


83575 


83582 


83588 


83594 


83601 


83607 


836x3 


83620 


83626 


686 


83632 


83639 


83645 


83651 




83664 


83670 


83677 


83683 


83689 


687 


83696 


83702 


83708 


83715 


83721 


83727 


83734 


83740 


83746 


83753 


688 


83759 


& 


83771 


83778 


83784 


83790 


83797 




83809 


83816 


689 


83822 


83835 


83841 


83847 


83853 


83860 


83866 


83872 


83879 


690 


8388s 


83891 


83897 


83904 


83910 


83916 


83923 


83929 


83935 


83942 


691 


83948 


83954 


83960 


83967 


83973 


83979 


83985 


83992 


83998 


84004 


692 


84 on 


84017 


84023 


84029 


84036 


84042 


84048 


84055 


84061 


84067 


693 


84073 


84080 


84086 


84092 


84098 


84105 


84 III 


84117 


84123 


84130 


694 


84136 


8414a 


84148 


84155 


84X61 


84167 


84173 


84x80 


84x86 


84192 


69s 


84198 


84205 


84 211 


84217 


84223 


84230 


84236 


84242 


84248 


84255 


696 


84261 


84267 


84273 


84280 




84292 


84298 


84305 


84311 


84317 


697 


84323 


84330 


84336 


84342 


84348 


84354 


84361 


84367 


84373 


84379 


698 


84386 


84392 


84398 


84404 


84410 


84417 


84423 


84429 


84435 


84442 


699 


84448 


84454 


84460 


84466 


84473 


84479 


84485 


84491 


84497 


84504 



30 



No. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


700 


84510 


84516 


84522 


84528 


8453s 


84541 


84547 


84553 


84559 


84566 


701 


84572 


84578 


84584 


84590 


84597 


84603 


84609 


84615 


84621 


84628 


70a 


84634 


84640 


84646 




84658 


84665 


8^671 


84677 


84683 


84689 


703 


84696 


84702 


84708 


84714 


84720 


84726 


84733 


84739 


84745 


84751 


704 


84757 


84763 


84770 


84776 


84782 


84788 


84794 


84800 


84807 


84813 


70s 


84819 


84825 


84831 


84837 


84844 


84850 


84856 


84862 


84868 


84874 


706 


84880 


84887 


84893 


84899 


84905 


84911 


84917 


84924 


84930 


84936 


707 


84942 


84948 


84954 


84960 


84967 


84973 


84979 


85046 


84991 


84997 


708 


85003 


85009 


85016 


85022 


85028 


85034 


85040 


85052 


85058 


709 


85065 


85071 


85077 


85083 


85089 


85095 


85101 


85107 


85114 


85120 


710 


85126 


85132 


85138 


85144 


85150 


85156 


85163 


85169 


85175 


85181 


711 


85187 


85193 


85199 


85205 


85 211 


85217 


85224 


85230 


85236 


85242 


712 


85248 


85254 


85260 


85266 


85272 


85278 


85285 


85291 


85297 


85303 


713. 


85309 


85376 


85321 


85327 


85333 


85339 


85345 


85352 


85358 


85364 


714 


85370 


85382 


85388 


85394 


85400 


85406 


85412 


85418 


85425 


715 


85431 


85437 


85443 


85449 


85455 


85461 


85467 


85473 


85479 


85485 


716 


85491 


85497 


85503 


85509 


85516 


85522 


85528 


85534 


85540 


85546 


717 


85552 


85558 


85564 


85570 


85576 


85582 


85588 


85594 


85600 


85606 


718 


85612 


85618 


85625 


85631 


85637 


85643 


85649 


85655 


85661 


85667 


719 


85673 


85679 


8568s 


85691 


85697 


85703 


85709 


85715 


85721 


85727 


720 


85733 


85739 


8574s 


85751 


85757 


85763 


85769 


85775 


85781 


85788 


721 


85794 


85800 


85806 


85812 


85818 


85824 


85830 


85836 


85842 


85848 


722 


85854 


85860 


85866 


85872 


85878 


85884 


85890 


85896 


85902 


85908 


723 


85914 


85920 


85926 


85932 


85938 


85944 


85950 


85956 


85962 
86022 


85968 
86028 


724 


85974 


85980 


85986 


85992 


85998 


86004 


86010 


86016 


725 


86034 


86040 


86046 


86052 


86058 


86064 


86070 


86076 


86082 


86088 


726 


86094 


86100 


86106 


86x12 


86118 


86124 


86130 


86136 


86 141 


86147 


727 


86153 


86159 


86165 


86 171 


86177 


86183 


86189 


86195 


86201 


86207 


728 


86213 


86219 


86225 


86231 


86237 


86243 


86249 


86255 


86261 


86267 


729 


86273 


86279 


86285 


86291 


86297 


86303 


86308 


86314 


86320 


86326 


730 


86332 


86338 


86344 


86350 


86356 


86362 


86368 


86374 


86380 


86386 


731 


86392 


86398 


86404 


86410 


86415 


86421 


86427 


86433 


86439 


86445 


732 


86451 


86457 


86463 


86469 


8647s 


86481 


86487 


86493 


86499 


86504 


733 


86510 


86516 


86522 


86528 


86534 


86540 


86546 


86552 


86558 


86564 


734 


86570 


86576 


86581 


86587 


86593 


86599 


86605 


86 611 


86617 


86623 


735 


86629 


86635 


86641 


86646 


86652 


86658 


86664 


86670 


86676 


86682 


736 


86688 


86694 


86700 


86705 


86711 


86717 


86723 


86729 


86735 


86741 


737 


86747 


86753 


86759 


86764 


86770 


86776 


86782 


86788 


86794 


86800 


738 


86806 


86812 


86817 


86823 


86829 


86835 


86841 


86847 


86853 


86859 


739 


86864 


86870 


86876 


86882 


86 888 


86894 


86900 


86906 


86 911 


86917 


740 


86923 


86929 


86935 


86941 


86947 


86953 


86958 


86964 


86970 


86976 


741 


86982 


86988 


86994 


86999 


87005 


87 on 


87017 


87023 


87029 


87035 


742 


87040 


87046 


87052 


87058 


87064 


87070 


87075 


87081 


87087 


87093 


743 


87099 


87105 


87 III 


87 116 


87 122 


87128 


87134 


87140 


87146 


87151 


744 


87157 


87163 


87169 


87175 


87181 


87186 


87192 


87198 


87204 


87210 


746 


87216 


87221 


87227 


87233 


87239 


87245 


87251 


87256 


87262 


87268 


87274 


87280 


87286 


87291 


87297 


87303 


87309 


87315 


87320 


87326 


747 


87332 


87338 


87344 


87349 


87355 


87361 


87367 


87373 


87379 


87384 


748 


87390 


87396 


87402 


87408 


87413 


87419 


87425 


87431 


87437 


87442 


749 


87448 


87454 


87460 


87466 


87471 


87477 


87483 


87489 


87495 


87500 


760 


87506 


87512 


87518 


87523 


87529 


87535 


87541 


87547 


87552 


87558 


751 


87564 


87570 


87576 


87581 


87587 


87593 


87599 


87604 


87610 


87616 


752 


87622 


87628 


87633 


87639 


87645 


87651 


87656 


87662 


87668 


87674 


753 


87679 


87685 


87691 


87697 


87703 


87708 


87714 


87720 


87726 


57731 


754 


87737 


87743 


87749 


87754 


87760 


87766 


87772 


87777 


87783 


87789 


755 


87 795 


87800 


87806 


87812 


87818 


87823 


87829 


87835 


87841 


87846 


756 


87852 


87858 


87864 


87869 


87875 


87881 


87887 


87892 


87898 


87904 


757 


87910 


87915 


87921 


87927 


87933 


87938 


87944 


87950 


87955 


57961 


758 


87967 


87973 


87978 


87984 


87990 


87996 


88001 


88007 


88013 


88018 


759 


88024 


88030 


88036 


88041 


88047 


88053 


88058 


88064 


88070 


88076 



31 



No, 





1 


2 


3 


4 


5 


6 


7 


8 


9 


760 


88081 


88087 


88093 


88098 


88104 


88 no 


88 116 


88 121 


88137 


88133 


761 


88138 


88144 


88150 


88156 


88 161 


88167 


88173 


88178 


88184 


88190 


762 


88195 


88201 


88207 


88213 


88218 


88224 


88230 


88235 


88341 


88247 


763 


88252 


88258 


88264 


88270 


88275 


88381 


88 387 


88292 


88398 


88304 


764 


88309 


88315 


88321 


88326 


88332 


88338 


88343 


88349 


88355 


88360 


765 


88366 


88372 


88377 


88383 


88389 


88395 


88400 


88406 


884x3 


88417 


766 


88423 


88429 


88434 


88440 


88446 


88451 


88457 


88463 


88468 


88474 


767 


88480 


88485 


88491 


88497 


88502 


88508 


88513 


88519 


88525 


88530 


768 


88536 


88542 


88547 


88553 


88559 


88564 
88621 


88570 


88576 


88581 


88587 


769 


88593 


88598 


88604 


88610 


88615 


88 6a7 


88632 


88638 


88643 


770 


88649 


88655 


88660 


88666 


88672 


88677 


88683 


88689 


88694 


88700 


771 


8870s 


88 711 


88717 


88733 


88728 


88734 


88739 


88745 


88750 


88756 


77^ 


88762 


88767 


88773 


88779 


88784 


88790 


88795 


88801 


88807 


88812 


773 


88818 


88824 


88829 


88835 


88840 


88846 


8885a 


88857 


88863 


88 868 


77^ 


88874 


88880 


88885 


88891 


88897 


88902 


88908 


88913 


88919 


88925 


775 


88^ 


88936 


88941 


88947 


88953 


88958 


88964 


88969 


88975 


88981 


776 


88992 


88997 


89003 


89009 


89014 


89020 


89025 


89031 


89037 


777 


89042 


89048 


89053 


89059 


89064 


89070 


89076 


89081 


89087 


89092 


778 


89098 


89104 


89109 


89 115 


89120 


89126 


89 131 
89187 


89137 


89143 


89148 


779 


89154 


89159 


89165 


89170 


89176 


89182 


89193 


89198 


89204 


780 


89209 


89215 


89221 


89226 


89232 


89237 


89243 


89248 


89354 


89360 


781 


89265 


89271 


89276 


89282 


89287 


89293 


89^8 


89304 


89310 


89315 


782 


89321 


89326 


89332 
89387 


89337 


89343 


89348 


89354 


89360 


89365 


89371 


783 


89376 


89382 


89448 


89398 


89404 


89409 


89415 


89421 


89436 


784 


89432 


89437 


89443 


89454 


89459 


89465 


89470 


89476 


89481 


78S 


89487 


89492 


89498 


89504 


89509 


89515 


89520 


89526 


89531 


89537 


786 


89542 


89548 


89553 


89559 


89564 


89570 


89575 
89631 


89581 


89586 


89592 


787 


89597 


89603 


89609 


89614 


89620 


89625 


89636 


89643 


89647 


788 


89653 


89658 


89664 


89669 


89675 


89680 


89686 


89691 


89697 


89703 


789 


89708 


89713 


89719 


89724 


89730 


89735 


89741 


89746 


89752 


89757 


790 


%t^ 


89768 


89774 


89779 


89785 


89790 


89796 


89801 


89807 


89813 


791 


89878 


89829 


89834 


89840 


89845 


89851 


89856 


89862 


89867 


79a 


89873 


89883 


89889 


89894 


89900 


89905 


89 911 


89916 


89922 


793 


89927 


89933 


89938 


89944 


89949 


8995s 


89960 


89966 


89971 


89977 


794 


89982 


89988 


89993 


89998 


90004 


90009 


90015 


90020 


90026 


90031 


795 


90037 


90042 


90048 


90053 


90059 


90064 


90069 


90075 


90080 


90086 


796 


90091 


90097 


90Z02 


90108 


90 113 


90 119 


90124 


90129 


90135 
90189 


90140 


797 


90146 


90 151 


90157 


90162 


90168 


90173 


90179 


90184 


90195 


798 


90200 


90206 


90 211 


^217 


90222 


90227 


90233 


90238 


90244 


90249 


799 


90255 


90260 


90266 


90271 


90276 


90282 


90287 


90293 


90298 


90304 


800 


90309 


90314 


90320 


90325 


90331 
90385 


90336 


90342 


90347 


90352 


90358 


801 


90363 


90369 


90374 


90380 


90390 


90396 


90401 


90407 


90413 


803 


90417 


90423 


90428 


90434 
90488 


90439 


90445 


90450 


90455 


90461 


90466 


803 


90472 


90477 


90482 


90493 


90499 


90504 


90509 


90515 


90520 


804 


90526 


90531 


90536 


90542 


90547 


90553 


90558 


90563 


90569 


90574 


805 


90580 


90585 


90590 


90596 
90650 


90601 


90607 


9061a 


90617 


90623 


90628 


806 


90634 


90639 


90644 
90698 


90655 


90660 


90666 


90671 


90677 


90682 


?^ 


90687 


90693 


90703 


90709 


90714 


90730 


90725 


90730 


90736 


808 


90741 


90747 


90752 


90757 


90763 


90768 


90773 


90779 


90784 


90789 


809 


90795 


90800 


90806 


90 811 


90816 


90822 


90827 


90832 


90838 


90843 


810 


90849 


90854 


90859 


90865 


90870 


90875 


90881 


90886 


90891 


90897 


8x1 


90902 


90907 


90913 


90918 


90924 


90929 


90934 


90940 


90945 


90950 


812 


90956 


90961 


90966 


90972 


90977 


9098a 


90988 


90993 


90998 


91004 


813 


91009 


91 014 


91020 


91025 


91030 


91036 


91 041 


91046 


91052 


91057 


814 


91062 


91068 


91073 


91078 


91084 


91089 


91094 


91 100 


91 105 


9X no 


815 


91 116 


91 121 


91 Z26 


91 132 


91 137 


91 142 


91 148 


91 153 


91 158 


91164 


816 


91 169 


91 174 


91 180 


91185 


91 190 


91 196 


91 201 


91206 


91 2X2 


9x2x7 


H 


91222 


91228 


91233 


91238 


91243 


91249 


91254 


91259 


91 265 


9x270 


818 


91275 


91 281 


91286 


91 291 


91297 


91302 


91307 


91 312 


9X318 


91323 
91376 


819 


91328 


91334 


91339 


91344 


91350 


91355 


91360 


91365 


91 371 



32 



No. 





1 


2 


3 


4 


5 


6 


7 8 


9 


820 


91 381 


91387 


91392 


91397 


91403 


91408 


91413 


91418 91424 


91429 


821 


91434 


91440 


91445 


91450 


91455 
91508 


91 461 


91466 


91471 91477 


91482 


822 


91487 


91492 


91498 


91503 


91514 


91519 


91524 91529 


91 535 


823 


91540 


91545 


91 551 


91556 


91561 


91566 


91572 


91577 91582 


91587 


824 


91593 


91598 


91603 


91609 


91 614 


91 619 


91624 


91 630 91 635 


91640 


82s 


91645 


91651 


91656 


91 661 


91666 


91672 


91677 


91 682 91 687 


91693 


826 


91698 


91703 


91709 


91714 


91 719 


91724 


91730 


91735 91740 


91745 


827 


91 751 


91756 


91 761 


91766 


91772 


91777 


91782 


91787 91793 


91798 


828 


91803 


91808 


91 814 


91819 


91876 


91829 


91834 


91840 91845 


91850 


829 


91855 


91 861 


91866 


91871 


91882 


91887 


91892 91897 


91903 


830 


91908 


91 913 


91 918 


91924 


91929 


91934 


91939 


91944 91950 


91 955 


831 


91960 


91965 


91 971 


91976 


91 981 


91986 


91991 


91997 92002 


92007 


832 


92012 


92018 


92023 


92028 


92033 


92038 


92044 


92049 92054 


92059 


833 


92065 


92070 


92075 


92080 


92085 


92091 


92096 


92 101 92 106 


92 III 


834 


92 117 


92 122 


92127 


92132 


92137 


92143 


92148 


92153 92158 


92163 


835 


92169 


92174 


92179 


92184 


92189 


92195 


92200 


92205 92210 


92215 


836 


92221 


92226 


92231 


92236 


92241 


92247 


92252 


92257 92262 


92267 


Pi 


92273 


92278 


92283 


92288 


92293 


92298 


92304 


92309 92314 


92319 


838 


92324 


92330 


92335 


92340 


92345 


92350 


92355 


92361 92366 


92371 


839 


92376 


92381 


92387 


92392 


92397 


92402 


92407 


92412 92418 


92423 


840 


92428 


92433 


92438 


92443 


92449 


92454 


92459 


92464 92469 


92474 


841 


92480 


92485 


92490 


92495 


92500 


92505 


92511 


92516 92521 


92526 


842 


92531 


92536 


92542 


92547 


92552 


92557 


92562 


92567 92573 


92578 


843 


92583 


92588 


92593 


92598 


92603 


92609 


92614 


92 619 92 624 


93629 


844 


92634 


92639 


92645 


92650 


92655 


92660 


92665 


92670 92675 


92681 


845 


92686 


92691 


92696 


92701 


92706 


92711 


92716 


92722 92727 


92732 


846 


92737 


92742 


92747 


92752 


92758 


92763 


92768 


92773 92778 


92783 


847 


92788 


92793 


92799 


92804 


92809 


92814 


92819 


92824 92829 


92834 


848 


92840 


9284s 


92850 


92855 


92860 


92865 


93870 


92875 92881 


92886 


849 


92891 


92896 


92901 


92906 


92 911 


92916 


92921 


92927 92932 


92937 


850 


92942 


92947 


92952 


92957 


92962 


92967 


92973 


92978 92983 


92988 


851 


92993 


92998 


93003 


93008 


93013 


93018 


93024 


93029 93034 


93039 


852 


93044 


93049 


93054 


93059 


93064 


93069 


93075 


93080 93085 


93090 


853 


93095 


93100 


93105 
93156 


93 no 


93115 


93120 


93125 


93131 93136 


93141 


854 


93146 


93151 


93 161 


93166 


93171 


93176 


93 181 93 186 


93192 


855 


93197 


9320a 


93207 


93212 


93217 


93222 


93227 


93232 93237 


93242 


856 


93247 


93252 


93258 


93263 


93268 


93273 


93278 


93283 93288 


93293 


857 


93298 


93303 


93308 


93313 


93318 


93323 


93328 


93 334 93 339 


93 344 


858 


93 349 


93 354 


93 359 


93364 


93369 


93 374 


93 379 


93384 93389 


93 394 


859 


93 399 


93404 


93409 


93414 


93420 


93425 


93430 


93 435 93440 


93 445 


860 


93450 


93 455 


93460 


93465 


93470 


93475 


93480 


93485 93490 


93 495 


861 


93500 


93505 


93510 


93515 


93520 


93526 


93531 


93536 93541 


93546 


862 


93551 


93556 


93561 


93566 


93571 


93576 


93581 


93586 93 591 


93596 


863 


93601 


93606 


93611 


93616 


93621 


93626 


93 631 


93636 93641 


93646 


864 


93651 


93656 


93661 


93666 


93671 


93676 


93682 


93687 93692 


93697 


865 


93702 


93707 


93712 


93717 


93722 


93727 


93732 


93737 93742 


93 747 


866 


93752 


93 757 


93762 


93767 


93772 


93 777 


93782 


93787 93792 


93 797 


867 


93802 


93807 


93812 


93817 


93822 


93827 


93832 


93837 93842 


93847 


868 


93852 


93857 


93862 


93867 


93872 


93877 


93882 


93887 93892 


93897 


869 


93902 


93907 


93912 


93917 


93922 


93927 


93932 


93 937 93942 


93 947 


870 


93952 


93 957 


93962 


93967 


93972 


93 977 


93982 


93987 93992 


93 997 


871 


94002 


94007 


94012 


94017 


94022 


94027 


94032 


94037 94042 


94047 


872 


94052 


94057 


94062 


94067 


94072 


94077 


94082 


94086 94091 


94096 


873 


94101 


94106 


94 III 


94 116 


94 121 


94126 


94131 


94136 94 141 


94146 


874 


94 151 


94156 


94 161 


94166 


94171 


94176 


94181 


94186 94191 


94196 


875 


94201 


94206 


94 211 


94216 


94221 


94226 


94231 


94236 94240 


94245 


876 


94250 


94255 


94260 


94265 


94270 


9427s 


94280 


94285 94290 


94295 


877 


94300 


9430s 


94310 


94315 


94320 


94325 


94330 


94 335 94340 


94345 


878 


94 349 


94354 


94359 


94364 


94369 


94 374 


94379 


94384 94389 


94394 


879 


94399 


94404 


94409 


94414 


94419 


94424 


94429 


94433 94438 


94 443 



J 



33 



No. 





1 


2 


8 


4 


5 


6 


7 


8 9 


880 


94448 


94453 


94458 


94463 


94468 


94 473 


94478 


94483 


94488 94493 


88i 


94498 


94503 


94507 


94512 


94517 


94522 


94527 


94532 


94 537 94542 


882 


94 547 


94552 


94 557 


94562 


94567 


94571 


94576 


94 581 


94586 94591 


883 


94596 


94601 


94606 


94 611 


94616 


94621 


94626 


94630 


94635 94640 


884 


94645 


94650 


94655 


94660 


94665 


94670 


94675 


94680 


94685 94689 


885 


94694 


94699 


94704 


94709 


94714 


94719 


94724 


94729 


94 734 94738 


886 


94 743 


94748 


94 753 


94758 


94763 


94768 


94 773 


94778 


94783 94787 


887 


94792 


94797 


94802 


94807 


94812 


94817 


94822 


94827 


94832 94836 


888 


94841 


94846 


94851 


94856 


94861 


94866 


94871 


94876 


94880 94885 


889 


94890 


94895 


94900 


94905 


94910 


94915 


94919 


94924 


94929 94 934 


890 


94 939 


94944 


94 949 


94 954 


94959 


94963 


94968 


94 973 


94978 94983 


891 


94988 


94993 


94998 


95002 


95007 


95012 


95017 


95022 


95027 95032 


892 


95036 


95041 


95046 


95051 


95056 


95061 


95066 


95071 


95075 95080 


893 


95085 


95090 


95095 


95100 


95105 


95109 


95114 


95119 


95124 95129 


894 


95134 


95139 


95143 


95148 


95153 


95158 


95163 


95168 


95173 95177 


^95 


95182 


95187 


95192 


95197 


95202 


95207 


95 211 


95216 


95 221 95 226 


896 


95231 


95236 


95240 


95245 


95250 


95255 


95260 


95265 


95270 95274 


897 


95279 


95284 


95289 


95294 


95299 


95303 


95308 


95313 


95318 95323 


898 


95328 


95332 


95 337 


95342 


95 347 


95352 


95 357 


95361 


95366 95371 


899 


95376 


95381 


95386 


95390 


95 395 


95400 


95405 


95410 


95415 95419 


900 


95424 


95429 


95 434 


95 439 


95444 


95448 


95 453 


95458 


95463 95468 


901 


95473 


95 477 


95482 


95487 


95492 


95 497 


95501 


95506 


95511 95516 


902 


95521 


95525 


95530 


95 535 


95540 


95 545 


95550 


95 554 


95 559 95564 


903 


95569 


95 574 


95578 


95 583 


95588 


95 593 


95598 


95602 


95607 95612 


904 


95617 


95622 


95626 


95631 


95636 


95641 


95646 


95650 


95655 95660 


905 


95665 


95670 


95674 


95679 


95684 


95689 


95694 


95698 


95703 95708 


906 


95713 


95718 


95722 


95727 


95732 


95 737 


95742 


95746 


95751 95756 


907 


95761 


95766 


95770 


95 775 


95780 


95785 


95789 


95 794 


95 799 95804 


908 


95809 


95813 


95 818 


95823 


95828 


95832 


95 837 


95842 


95847 95852 


909 


95856 


95861 


95866 


95871 


95875 


95880 


95885 


95890 


95895 95899 


910 


95904 


95909 


95914 


95918 


95923 


95928 


95 933 


95938 


95942 95947 


911 


95952 


95957 


95961 


95966 


95971 


95976 


95980 


95985 


95990 95 995 


912 


95 999 


96004 


96009 


96014 


96019 


96023 


96028 


96033 


96038 96042 


913 


96047 


96052 


96057 


96061 


96066 


96071 


96076 


96080 


96085 96090 


914 


96095 


96099 


96104 


96109 


96 114 


96 118 


96123 


96128 


96133 96137 


915 


96142 


96147 


96152 


96156 


96 161 


96166 96 171 


96175 


96180 96185 


916 


96190 


96194 


96199 


96204 


96209 


96213 


96218 


96223 


96227 96232 


917 


96237 


96242 


96246 


96251 


96256 


96261 


96265 


96270 


96 275 96 280 


918 


96284 


96289 


96294 


96298 


96303 


96308 


96313 


96317 


96322 96327 


919 


96332 


96336 


96341 


96346 


96350 


96355 


96360 


96365 


96369 96374 


920 


96379 


96384 


96388 


96393 


96398 


96402 


96407 


96412 


96417 96421 


921 


96426 


96431 


96435 


96440 


96445 


96450 


96454 


96459 


96464 96468 


922 


96473 


96478 


96483 


96487 


96492 


96497 


96501 


96506 


96511 96515 


923 


96520 


96525 


96530 


96534 


96539 


96544 


96548 


96553 


96558 96562 


924 


96567 


96572 


96577 


96581 




96591 


96595 


96600 


96 605 96 609 


925 


96614 


96619 


96624 


96628 


96633 


96638 


96642 


96647 


96652 96656 


926 


96661 


96666 


96670 


96675 


96680 


96685 


96689 


96694 


96699 96703 


927 


96708 


96713 


96717 


96722 


96727 


96731 


96736 


96741 


96745 96750 


928 


96755 


96759 


96764 


96769 


96774 


96778 


96783 


96788 


96792 96797 


929 


96802 


96806 


96811 


96816 


96820 


96825 


96830 


96834 


96839 96844 


930 


96848 


96853 


96858 


96862 


96867 


96872 


96876 


96881 


96886 96890 


931 


96895 


96900 


96904 


96909 


96914 


96918 


96923 


96928 


96932 96937 


932 


96942 


96946 


96951 


96956 


96960 


96965 


96970 


96974 


96979 96984 


933 


96988 


96993 


96997 


97002 


97007 


97 on 


97016 


97021 


97025 97030 


934 


97035 


97039 


97044 


97049 


97053 


97058 


97063 


97067 


97072 97077 


935 


97081 


97086 


97090 


97095 


97100 


97104 


97109 


97114 


97 118 97123 


936 


97128 


97132 


97137 


97142 


97146 


97 151 


97155 


97160 


97165 97169 


937 


97174 


97179 


97183 


97188 


97192 


97197 


97202 


97206 


97 211 97 216 


938 


97220 


97225 


97230 


97234 


97239 


97243 


97248 


97253 


97257 97262 


939 


97267 


97271 


97276 


97280 


97285 


97290 


97294 


97299 


97304 97308 



34 



No. 





1 


2 


8 


4 


5 


6 


7 


8 


9 


940 


97313 


97317 


97333 


97327 


97331 


97336 
97382 


97340 


97345 


97350 


97 354 


941 


97 359 


97364 


97368 


97 373 


97 377 


97387 


97391 


97396 


97400 


94a 


97405 


97410 


97414 


97419 


97424 


97438 


97 433 


97 437 


97442 


97 447 


943 


97451 


97456 


97460 


97465 


97470 


97 474 


97 479 


97483 


97488 


97 493 


944 


97 497 


97502 


97506 


97 5" 


97516 


97520 


97525 


97529 


97 534 


97 539 


945 


97543 


97548 


97 552 


97 557 


97562 


97566 


97571 


97 575 


97580 


97585 


946 


97589 


97 594 


97598 


97603 


97607 


97613 


97617 


97631 


97626 


97630 


947 


97635 
97681 


97640 


97644 


97649 


97653 


97658 


97663 


97667 


97672 


97676 


948 


97685 


97690 


97695 


97699 


97704 


97708 


97713 


97717 


97722 


949 


97727 


97731 


97736 


97740 


97745 


97 749 


97 754 


97 759 


97763 


97768 


960 


97772 


97 777 


9778a 


97786 


97791 


97 795 


97800 


97804 


97809 


97813 


951 


97818 


97833 


97837 


97832 


97836 


97841 


97845 


97850 


97855 


97859 


9Sa 


97864 


97868 


97873 


97877 


97883 


97886 


97891 


97896 


97900 


97905 


953 


97909 


97914 


97918 


97923 


97928 


97932 


97 937 


97941 


97946 


97950 


954 


97955 


97 959 


97964 


97968 


97 973 


97978 


97982 


97987 


97991 


97996 


955 


98000 


9800s 


98009 


98014 


98019 


98033 


98038 


98032 


98037 


98041 


956 


98046 


98050 


98055 


98059 


98064 


98068 


98073 


98078 


98083 


98087 


957 


98091 


98096 


98 100 


98105 


98109 


98 114 


98118 


98123 


98127 


98132 


958 


98137 


98 141 


98146 


98150 


98155 


98159 


98164 


98168 


95^73 
98318 


98177 


959 


98183 


98186 


98 191 


98195 


98aoo 


98304 


98309 


98314 


98223 


960 


98337 


98233 


98336 


98341 


98245 


98250 


98254 


98259 


98263 


98368 


961 


98373 


98377 


98381 


98386 


98390 


98295 


98399 


98304 


98308 


983^3 


96a 


98318 


98333 


98327 


98331 


98336 


98340 


98345 


98349 


98354 


98358 


963 


98363 


98367 


98372 


98376 


98381 


98385 


98390 


98394 


98399 


9^:41 


964 


98408 


98413 


98417 


98431 


98426 


98430 


98435 


98439 


98444 


965 


98453 


98457 


9846a 


98466 


98471 


98475 


98480 


98484 


98489 


98493 


966 


98498 


98502 


98507 


98 511 


98516 


98520 


98525 


98529 


98534 


98538 




98543 


98547 


98552 


98556 


98561 


98565 


98570 


98574 


98579 


98583 


968 


98588 


98593 


98597 


98601 


98605 


98610 


98614 


98619 


98633 


98638 


969 


98633 


98637 


98641 


98646 


98650 


98655 


98659 


98664 


98668 


98673 


970 


98677 


98683 


98686 


98691 


98695 


98700 


98704 


98709 


98713 


98717 


971 


98733 


98726 


98731 


98735 


98740 


98744 


98749 


98753 


98758 


98762 


97a 


98767 


98771 


98776 


98780 


98784 


98789 


98793 


98798 


98803 


98807 


973 


98 811 


98816 


98830 


98835 


98839 


98834 


98838 


98843 


98847 


98851 


974 


98856 


98860 


98865 


98869 


98874 


98878 


98883 


98887 


98893 


98896 


975 


98900 


98905 


98909 


98914 


98918 


98923 


98937 


98932 


98936 


98941 


976 


98945 


98949 


98954 


98958 


98963 


98967 


98973 


98976 


98981 


98985 


977 


98989 


98994 




99003 


99007 


99012 


99016 


99021 


99025 


99029 


978 


99034 


99038 


99043 


99047 


99053 


99056 


99061 


99065 


99069 


99074 


979 


99078 


99083 


99087 


99092 


99096 


99100 


99105 


99109 


99 "4 


99 118 


980 


99133 


99127 


99 131 


99136 


99140 


9914s 


99149 


99154 


99158 


99162 


981 


99167 


99 171 


99176 


99180 


99185 


99189 


99193 


99198 


99 303 


99207 


983 


99 311 


99316 


99 330 


99224 


99229 


99233 


99238 


99243 


99247 


99251 


983 


99255 


99360 


99264 


99369 


99273 


99277 


99282 


99386 


99291 


99295 


984 


99300 


99304 


99308 


99313 


99317 


99322 


99326 


99330 


99335 


99 339 


985 


99 344 


99348 


99352 


99 357 


99361 


99366 


99370 


99 374 


99 379 


99383 


986 


99388 


99392 


99396 


99401 


99405 


99410 


99414 


99419 


99423 


99427 


987 


99432 


99436 


99441 


99 445 


99 449 


99454 


99458 


99463 


99467 


99471 


988 


99476 


99480 


99484 


99489 


99 493 


99498 


99502 


99506 


99 5" 


99515 


989 


99520 


99524 


99528 


99 533 


99 537 


99542 


99546 


99550 


99555 


99 559 


990 


99564 


99568 


99572 


99577 


99581 


99585 


99590 


99 594 


99 599 


99603 


991 


99607 


99613 


99616 


99631 


99625 


99629 


99634 


99638 


99642 


99647 


993 


99651 


99656 


99660 


99664 


99669 


99673 


99677 


99682 


99686 


99691 


993 


99695 


99699 


99704 


99708 


99712 


99717 


99721 


99736 


99730 


99734 


994 


99739 


99743 


99747 


99752 


99756 


99760 


99765 


99769 


99774 


99778 


995 


99782 


99787 


99791 


99 795 


99800 


99804 


99808 


99813 


99817 


99823 


996 


99836 


99830 


99835 


99839 


99843 


99848 


99852 


99856 


99861 


99865 


997 


99870 


99874 


99878 


99883 


99887 


99891 


99896 


99900 


99904 


99909 


998 


99913 


99917 


99922 


99936 


99930 


99 935 


99 939 


99 944 


99948 


99952 


999 


99 957 


99961 


99965 


99970 


99 974 


99978 


99983 


99987 


99991 


99996 



TABLE II. 

LOGARITHMIC SINES, COSINES, TANGENTS AND 
COTANGENTS. 

AT INTERYALS 

Of 80" from 0° to 1° and 89° to 90°; 
Of 1' from 1° to 89° 



36 



0° 



0' 

•5' 
i' 

1-5' 

2' 
2-5' 

3 

3-5' 
4 
4-5' 

5' 

'/ 

6.5' 

7' 

7-5' 

8' 

8.5' 

9' 

9-5' 

10' 

10.5' 
11' 
11^' 
12' 

12.5' 

13 
13-5 
14 
14.5' 

16' 

15.5' 
16' 

16.5' 
17 

17.5' 
18' 

18.5' 

19 

19-5' 

20' 

20.5' 
21' 

21.5' 

22' 

22.5' 

23' 

23.5' 

24 

24.5' 

25' 

25.5' 
26' 
26.5' 
27' 

27-5' 

28' 

28.5' 

29' 

29.5' 

30' 



0° to 30' 



6 sin 10 008 6 Un 13 cot 



00 .00000 

.16270 .00000 

46373 .00000 

.63982 .00000 

.76476 .00000 

.86167 .00000 
.94085«.ooooo 

.00779 .00000 

.06579 .00000 

.11694 .00000 



.16270 
.20409 
.24188 
.27664 
.30882 

.33879 
.36682 

•39314 
41797 
44U5 



.46373 
.48491 
.50512 
.52442 
.54291 
.56064 

.57767 
.59406 
.60985 
.62509 

.63982 
.65406 
.66784 
.68121 
.69417 
.70676 
.71900 
.73090 
.74248 
.75376 

.76475 
.77548 
.78594 
.79616 
.80615 
.81591 
.82545 
.83479 
•84393 
.85289 

.86166 
.87026 
.87870 
.88697 
.89509 
.90305 
.91088 

.91857 
.92612 

.93354 



.00000 
.00000 
.00000 

.00000 
.00000 
.00000 
.00000 
.00000 
.00000 
.00000 

.00000 
.00000 
.00000 
.00000 
.00000 
.00000 
.00000 
.00000 
.00000 
.00000 

.00000 
.00000 
.00000 
.00000* 

.99999 
.99999 

.99999 

•99999 
.99999 
.99999 

•99999 
.99999 
•99999 
•99999 
.99999 
.99999 

.99999 
.99999 
.99999 
.99999 

.99999 
.99999 
•99999 
•99999 
.99999 

.99999 
.99999 
.99999 
■99998 
.99998 



.16270 

.46373 
.63982 
.76476 
.86167 
.94085« 
.00779 
.06579 
.1x694 

.16270 
.20409 

.24188 
.27664 
.30882 

.33879 
.36682 

.39314 
.41797 
44145 

.46373 
.48492 
.50512 

.52443 
.54291 
•56064 

.57767 
.59406 
.60986 
.62510 

.63982 
.65406 
•66785 
.68121 
.69418 
.70677 
.71900 
.73090 
.74248 
.75377 

.76476 
•77549 
.78595 
.79617 
.80615 

.81591 
.82546 
.83480 

•84394 
.85290 

.86167 
.87027 
.87871 
.88698 
.89510 
.90307 
.91089 
.91858 
.92613 
.93356 



.83730 

•53627 

.36018 

.23524 

.13833 

.05915« 

.99221 

.93421 

.88306 

.83730 
.79591 
.75812 
.72336 
.69118 
.66121 
.63318 
.60686 
.58203 
.55855 

.53627 
.51508 
.49488 
.47557 
.45709 
.43936 
•42233 
40594 
•39014 
•37490 

.36018 
•34594 
.33215 
.31879 
.30582 
.29323 
.28100 
.26910 
.25752 
.24623 

.23524 
.22451 
.21405 
.20383 

.19385 
.18409 

.17454 
.16520 
.15606 
.14710 

•13833 
•12973 
.12129 
.11302 
.10490 
.09693 
.08911 
.08142 

.07387 
.06644 



.94084 .99998 .94086 .05914 



7 COS 9 sin 7 cot 12 tan 89' 



60 

59.5 

59 

58-5' 

58' 

57.5 

5Z - 
56.5' 
56 
55.5 

55' 

545' 

54 

53.5' 

53 

52.5 

52' 

51.5 

51' 

50.5' 

50' 

49.5 

49' 

48^5 

48' 

47^5 

47' 

46.5 

46' 

45-5 

45' 

44.5 

44' 

43.5 

43' 

42^5 

42 

41^5 

41 

40^5 

40' 

39-5 

39' 

38.5 

38' 

37-5 

37' 

36.5 

36' 

35-5 

35' 

34^5 

34' 

33.5 

33' 

32.5 

32' 

31-5 

31 

30.5 

30' 



30' 

30^5' 

3' , 

31.5 

32 

32^5 

33 , 

33-5 

34^5 

35' 

35^5' 

36' 

36.5' 

37' 

37.5 

38' 

38.5' 

39' 

39^5 

40' 

40.5' 
41' 
41^5' 
42' 

42.5' 

43 

435' 

44' 

44-5' 

45' 

4S5' 
46' 

46.5' 

47' 

47^5' 

48' 

48.S' 

49' 

49.5' 

50' 

50.5' 

51 

51.5' 

52' 

52^5 

53 

53^5 

54.5 

55' 

55-5' 

56' 

56.5' 

57 

57^5' 

58' 

58.5' 

59' 

59^5 



30' to r 



7 sin 9 COS 7 tan 12 cot 



.94084 .99998 
.94802 .99998 
.95508 .99998 
.96203 .99998 
.96887 .99998 
.97560 .99998 
.98223 .99998 
.98876 .99998 
.99520«.99998 
.00154 .99998 



.94086 .05914 

.94804 .05196 

.95510 x>4490 

.96205 .03795 

.96889 .03111 

.97562 .02438 

.98225 .01775 

.98878 .01122 

.99522«.00478« 

.00156 .99844 



.00779 

.01395 
.02002 
.02601 
.03192 
.03775 
.04350 
.04918 
.05478 
.06031 

.06578 
.07117 
.07650 
.08176 
.08696 
.09210 
.09718 
.10220 
.10717 
.11207 

.11693 
.12172 
.12647 
.13117 
.13581 
.14041 

.14495 

•H945 
.15391 
•15832 

.16268 
.16700 
.17128 
•17552 
.17971 
.18387 
.18798 
.19206 
.19610 
.20010 

.20407 
.20800 
.21189 
.21576 
.21958 
.22337 
.22713 
.23086 
.23456 
.23822 



.99998 
.99998 
.99998 
.99998 
.99997 
.99997 
.99997 
.99997 
.99997 
.99997 

.99997 
.99997 
.99997 
.99997 
.99997 
.99997 
.99997 
.99997 
.99996 
.99996 

.99996 
.99996 
.99996 
.99996 
.99996 
.99996 
.99996 
.99996 
.99996 
.99996 

.99995 
.99995 
.99995 
.99995 
.99995 
.99995 
.99995 
.99995 
.99995 
.99995 

.99994 
.99994 
.99994 
.99994 
.99994 
.99994 
.99994 
.99994 

.99994 
.99993 



.00781 

.01397 
.02004 
.02604 
.03194 
.03777 
.04353 
.04921 
.05481 
.06034 

.06581 
.07120 

.07653 
.08180 
.08700 
.09214 
.09722 
.10224 
.10720 
.11211 

.11696 
.12176 
.12651 
.13121 
.13585 
.14045 
.14500 
.14950 
.15395 
.15836 

.16273 
.16705 
.17133 
.17557 
.17976 
.18392 
.18804 
.19212 
.19616 
.20016 

.20413 
.20806 
.21195 
.21581 
.21964 
.22343 
.22720 
.23092 
.23462 
.23829 



.99219 
.98603 
.97996 
.97396 
.96806 
.96223 
.95647 
.95079 
.94519 
.93966 

.93419 
.92880 

.92347 
.91820 
.91300 
.90786 
.90278 
.89776 
.89280 
.88789 

.88304 
.87824 

.87349 
.86879 
.86415 

.85955 
.85500 
.85050 
.84605 
.84164 

.83727 
.83295 
.82867 
.82443 
.82024 
.81608 
.81196 
.80788 
.80384 
.79984 

.79587 
.79194 
.78805 

.78419 
.78036 

.77657 
.77280 
.76908 
.76538 
.76171 



.24186 .99993 .24192 .75808 



8 cos 9 sin 8 cot II tan 89* 



30' 

29-5' 
29 

28.5' 
28' 

27^5' 

27' 

26.5' 

26' 

25-5' 

25' 

24.5' 

24' 

23-5' 

23 

22.5' 

22' 

21.5' 

21' 

20.5' 

20' 

195' 
19' 

18' 

17.5' 

1/ 

16.5' 

16' 

15.5' 

15' 

14-5' 

14 

13-5' 

13 

12.5' 

12' 

11.5' 

11' 

10.5' 

10' 

95' 

9 

8.5' 

8' 

7^5' 

7' 

6.5' 

6' 

5-5' 

5' 

4.5' 

4 

3-5' 

3' , 

2.5' 

2 

1.5' 
1' 

.5' 
0' 



89^30' to 90° 



89° to 89^30' 







1° 








2° 




37 


t 


8 sin 


9 008 8 tan 


Moot 


t 


/ 


Bain 9oob 


Stan 


Hoot 


/ 





.24186 


.99993 .24192 


.75808 


60 





.54282 .99974 


.54308 45692 


60 


I 


.24903 


.99993 .24910 


.75090 


59 


I 


.54642 .99973 


.54669 


45331 


59 


3 


.25609 


.99993 .25616 


.74384 


58 


2 


.54999 .99973 


.55027 


.44973 


58 


3 


.26304 


.99993 .26312 


.73688 


57 


3 


.55354 .99972 


.55382 


44618 


57 


4 


.26988 


.99992 .26996 


.73004 


56 


4 


.55705 .99972 


•55734 


44266 


56 


5 


.27661 


.99992 .27669 


.72331 


55 


5 


.56054 .99971 


.56083 


43917 


55 


6 


.28324 


.99992 .28332 


.71668 


54 


6 


.56400 .99971 


.56429 


.43571 


54 


7 


.28977 


.99992 .28986 


.71014 


53 


7 


.56743 .99970 


.56773 


43227 


53 


8 


.29621 


.99992 .29629 


.70371 


52 


8 


.57084 .99970 


.57114 


42886 


52 


9 


.30255 


.99991 .30263 


.69737 


51 


9 


.57421 .99969 


.57452 


.42548 


51 


10 


.30879 


.99991 .30888 


.69112 


60 


10 


.57757 .99969 
.58089 .99968 


.57788 


.42212 


60 


n 


.31495 


.99991 .31505 


.68495 


^l 


II 


.58121 


4I&79 


49 


12 


.32103 


.99990 .32112 


.67888 


48 


12 


.58419 .99968 


.58451 


41549 


48 


13 


.32702 


.99990 .32711 


.67289 


^l 


13 


.58747 .99967 


.58779 


.41221 


^l 


14 


.33292 


.99990 .33302 


.66698 


46 


14 


.59072 .99967 


.59105 


.40895 


46 


15 


.33875 


.99990 .33886 


.66114 


45 


15 


.59395 .99967 


.59428 


-40572 


45 


i6 


.34450 


.99989 .34461 


.65539 


44 


16 


•59715 .99966 


.59749 


40251 


44 


17 


.35018 


.99989 .35029 


.64971 


43 


17 


.60033 .99966 


.60068 


.39932 


43 


i8 


.35578 


.99989 .35590 


.64410 


42 


18 


.60349 .99965 


.60384 


.39616 


42 


19 


.36131 


.99989 .36143 


.63857 


41 


19 


.60662 .99964 


.60698 


.39302 


41 


20 


.36678 


.99988 .36689 


.63311 


40 


20 


.60973 .99964 


.61009 


.38991 


40 


21 


.37217 


.99988 .37229 


.62771 


39 


21 


.61282 .99963 


.61319 


.38681 


39 


22 


.37750 


.99988 .37762 


.62238 


38 


22 


.61589 .99963 


.61626 


.38374 


38 


23 


.38276 .99987 .38289 


.61711 


37 


23 


.61894 .99962 


.61931 


.38069 


37 


24 


.38796 


.99987 .38809 


.61191 


36 


24 


.62196 .99962 


.62234 


.37766 


36 


25 


.39310 


.99987 .39323 


.60677 


35 


25 


.62497 .99961 


.62535 


.37465 


35 


26 


.39818 


.99986 .39832 


.60168 


34 


26 


.62795 .99961 


.62834 


.37166 


34 


27 


40320 


.99986 w^o334 


.59666 


33 


27 


.63091 .99960 


.63131 


.36869 


33 


28 


40816 


.99986 40830 


.59170 


32 


28 


.63385 .99960 


.63426 


.36574 


32 


29 


41307 


.99985 41321 


.58679 


31 


29 


.63678 .99959 


.63718 


.36282 


31 


80 


41792 


.99985 w^i8o7 


.58193 


80 


30 


.63968 .99959 


.64009 


.35991 


80 


31 


42272 


.99985 42287 


.57713 


29 


31 


.64256 .99958 


.64298 


.35702 


29 


32 


42746 


.99984 42762 


.57238 


28 


32 


.64543 .99958 


.64585 


•35415 


28 


33 


43216 


.99984 ^^3232 


.56768 


27 


33 


.64827 .99957 


.64870 


.35130 


27 


34 


43680 


.99984 43696 




26 


34 


.65110 .99956 


•65154 


.34846 


26 


35 


44139 


.99983 44156 


.55844 


25 




.65391 .99956 


.65435 


.34565 


25 


36 


44594 


.99983 .44611 


.55389 


24 


36 


.65670 .99955 


.65715 


.34285 


24 


37 


45044 


.99983 45061 


.54939 


23 


37 


.65947 .99955 


.65993 


.34007 


23 


38 


45489 


.99982 45507 


.54493 


22 


38 


.66223 .99954 


.66269 


.33731 


22 


39 


45930 


.99982 45948 


.54052 


21 


39 


.66497 .99954 


.66543 


.33457 


21 


40 


46366 


.99982 46385 


•53615 


20 


40 


.66769 .99953 


.66816 


.33184 


20 


41 


46799 .99981 46817 


•53183 


19 


41 


.67039 .99952 


.67087 


.32913 


19 


42 


47226 


.99981 4724s 


.52755 


18 


42 


.67308 .99952 


.67356 




18 


43 


47650 


.99981 47669 


.52331 


17 


43 


.67575 .99951 


.67624 


.32376 


17 


44 


48069 


.99980 48089 


.51911 


16 


44 


.67841 .99951 


.67890 


.32110 


16 


t 


48485 


.99980 ^^8505 


.51495 


15 


45 


.68104 -99950 


.68154 


.31846 


15 


48896 


.99979 48917 


.51083 


14 


46 


.68367 .99949 


.68417 


.31583 


14 


47 


49304 


.99979 49325 


.50675 


13 


47 


.68627 .99949 


.68678 


.31322 


13 


48 


49708 


.99979 49729 


.50271 


12 


48 


.68886 .99948 


.68938 


.31062 


12 


49 


.50108 


.99978 .50130 49870 


II 


49 


.69144 .99948 


.69196 


.30804 


II 


60 


.50504 


.99978 .50527 


49473 


10 


60 


.69400 .99947 


.69453 


.30547 


10 


51 


.50897 


.99977 .50920 


.49080 


9 


51 


.69654 .99946 


.69708 


.30292 


9 


52 


.51287 


.99977 .51310 


48690 


8 


52 


.69907 .99946 


.69962 


.30038 


8 


S3 


.51673 


.99977 .51696 48304 


7 


53 


.70159 .99945 


.70214 


.29786 


7 


54 


.52055 


.99976 .52079 


.47921 


6 


54 


.70409 .99944 


.70465 


.29535 


6 


55 


.52434 


.99976 .52459 


.47541 


5 




.70658 .99944 


.70714 


.29286 


S 


56 


.52810 


.99975 .52835 47165 


4 


56 


.70905 .99943 


.70962 


.29038 


4 


57 


.53183 


.99975 -53208 


46792 


3 


57 


.71151 .99942 


.71208 


.28792 


3 


58 


.53552 


.99974 .53578 .46422 


2 


58 


.71395 .99942 


.71453 


.28547 


2 


59 


.53919 


.99974 .53945 


.46055 


I 


59 


.71638 .99941 


.71697 


.28303 


I 


60 


.54282 


.99974 .54308 45692 





60 


.71880 .99940 


.71940 


.28060 





9 


8 008 


9 sin 8 oot 


II tan 


/ 


9 


8 008 9 sin 


Boot 


II tan 


9 



89= 



88° 



38 




3° 








40 




f 


Siiii 


9oo8 8taa Hoot 


/ 


9 


Ssin 


9008 


Stan Hoot 


t 





.71880 


.99940 .71940 .28060 


60 





.84358 


.99894 


.84464 .15536 


60 


I 


.72120 


.99940 .72181 .27819 


59 


I 


.84539 


.99893 


.84646 .15354 


59 


3 


.72359 


.99939 .72420 .27580 


58 


3 


.84718 .99892 


.84826 .15174 


58 


3 


.72597 


.99938 .72659 .27341 


57 


3 


.84897 


.99891 


.85006 .14994 


57 


4 


.72834 


.99938 .72896 .27104 


56 


4 


.85075 


.99891 


.85185 .14815 


56 




•73069 


.99937 .73132 .26868 


55 


i 


-85252 .99890 


.85363 .14637 


55 


6 


•73303 


.99936 .73366 .26634 


54 


.85429 


.99889 


.85540 .14460 


54 


7 




.99936 .73600 .26400 


53 


7 


.85605 


.99888 


.85717 .14283 


53 


8 


.73767 


.99935 .73832 .26168 


52 


8 


.85780 


.99887 


.85893 .14107 


52 


9 


.73997 


.99934 .74063 .25937 


SI 


9 


.85955 


.99886 


.86069 .13931 


51 


10 


.74226 


.99934 .74292 .25708 


60 


10 


.86128 


•99885 


.86243 .13757 


60 


IZ 


.74454 


.99933 .74521 .25479 


49 


11 


.86301 


.99884 


.86417 .13583 


49 


12 


.74680 


.99932 .74748 .25252 


48 


12 


.86474 .99883 


.86591 .13409 


48 


13 


.74906 


.99932 .74974 .25026 


47 


13 


.86645 


.99882 


.86763 .13237 


47 


14 


.75130 


.99931 .75199 .24801 


46 


14 


.86816 


•99881 


.86935 .13065 


46 


15 


.75353 


.99930 .75423 .24577 


45 


15 


.86987 


.99880 


.87106 .12894 


45 


lis 


.75575 


.99929 .75645 .24355 


44 


i6 


.87156 


.99879 


.87277 .12723 


44 


17 


.75795 


.99929 .75867 .24133 


43 


17 


.87325 


.99879 


.87447 .12553 


43 


18 


.76015 .99928 .76087 .23913 1 


42 


18 


.87494 


.99878 


.87616 .12384 


42 


19 


.76234 


.99927 .76306 .23694 


41 


19 


.87661 


.99877 


.87785 .12215 


41 


20 


.76451 


.99926 .76525 .23475 


40 


20 


.87829 


.99876 


.87953 .12047 


40 


21 


.76667 


.99926 .76742 .23258 


39 


21 


.87995 


.99875 


.88120 .11880 


39 


22 


.76883 


.99925 .76958 .23042 


38 


22 


.88161 


.99874 


.88287 .11713 


38 


33 


.77097 


.99924 .77173 .22827 


37 


23 


.88326 


.99873 


.88453 .11547 


37 


24 


.77310 


.99923 .77387 .22613 


36 


24 


.88490 


.99872 


.88618 .11382 


36 


25 


.77522 


.99923 .77600 .22400 


35 


25 


.88654 


.99871 


.88783 .11217 


35 


26 


.77733 


.99922 .77811 .22189 


34 


26 


.88817 


.99870 


.88948 .11052 


34 


27 


.77943 


.99921 .78022 .21978 


33 


27 


.88980 


.99869 


.89111 .10889 


33 


28 


.78152 


.99920 .78232 .21768 


32 


28 


.89142 


.99868 


.89274 .10726 


32 


29 


.78360 


.99920 .78441 .21559 


31 


39 


.89304 


.99867 


.89437 .10563 


31 


30 


.78568 


.99919 .78649 .21351 


30 


80 


.89464 


.99866 


.89598 .10402 


30 


31 


.78774 


.99918 .78855 .21145 


29 


31 


.89625 


.99865 


.89760 .10240 


29 


32 


.78979 


.99917 .79061 .20939 


28 


32 


.89784 


.99864 


.89920 .10080 


28 


33 


.79183 


.99917 .79266 .20734 


27 


33 


.89943 


•99863 


.90080 .09920 


^ 


34 


.79386 


.99916 .79470 .20530 


26 


34 


.90102 


.99862 


.90240 .09760 


26 




.79588 


.99915 .79673 .20327 


25 


35 


.90260 


.99861 


.90399 .09601 


25 


36 


.79789 


.99914 .79875 .20125 


24 


36 


.90417 


.99860 


.90557 .09443 


24 


37 


.79990 


.99913 .80076 .19924 


23 




.90574 


.99859 


.90715 .09285 


23 


38 


.80189 


.99913 .80277 .19723 


22 


38 


.90730 


.99858 


.90872 .09128 


22 


39 


.80388 


.99912 .80476 .19524 


21 


39 


.90885 


.99857 


.91029 .08971 


21 


40 


.80585 


.99911 .80674 .19326 


20 


40 


.91040 


.99856 


.91185 .08815 


20 


41 


.80782 


.99910 .80872 .19128 


19 


41 


.91195 


.99855 


.91340 .08660 


19 


42 


.80978 


.99909 .81068 .18932 


18 


42 


.91349 


.99854 


.91495 .08505 


18 


43 


.81173 


.99909 .81264 .18736 


17 


43 


.91502 


.99853 


.91650 .08350 


17 


44 


.81367 


.99908 .81459 .18541 


16 


44 


.91655 


.99852 


.91803 .08197 


16 


45 


.81560 


.99907 .81653 .18347 


15 


45 


.91807 


.99851 


.91957 .08043 


15 


46 


.81752 


.99906 .81846 .18154 


14 


46 


.91959 


.99850 


.92110 .07890 


14 


47 


.81944 


.99905 .82038 .17962 


13 


47 


.92110 


.99848 


.92262 .07738 


13 


48 


.82134 


.99904 .82230 .17770 


12 


48 


.92261 


.99847 


.92414 .07586 


12 


49 


.82324 


.99904 .82420 .17580 


11 


49 


.92411 


.99846 


.92565 .07435 


11 


50 


.82513 


.99903 .82610 .17390 


10 


60 


.92561 


.99845 


.92716 .07284 


10 


51 


.82701 


.99902 .82799 .17201 


9 


51 


.92710 


.99844 


.92866 .07134 


9 


52 


.82888 


.99901 .82987 .17013 


8 


52 


.92859 


.99843 


.93016 .06984 


8 


S3 


.83075 


.99900 .83175 .16825 


7 


53 


.930a/ 


.99842 


.93165 .06835 


7 


54 


.83261 


.99899 .83361 .16639 


6 


54 


•93154 


.99841 


.93313 .06687 


6 




.83446 


.99898 .83547 .16453 


5 


55 


.93301 


.99840 


.93462 .06538 


5 


56 


.83630 


.99898 .83732 .16268 


4 


56 


.93448 


.99839 


.93609 .06391 


4 


57 


.83813 


.99897 .83916 .16084 


3 


57 


•93594 


.99838 


.93756 .06244 


3 


58 
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44 


17 


42093 .98436 43657 .56343 


43 


17 


44776 .98222 46554 .53446 


43 


18 


42140 .98433 43707 .56293 


42 


18 


44819 .98218 466CI .53399 


42 


19 


.42186 .98429 43756 .56244 


41 


19 


44862 .98215 46648 .S33S2 


41 


20 


.42232 .98426 .43806 .56194 


40 


20 


44905 .98211 46694 .53306 


40 


21 


.42278 .98422 43855 .56145 


39 


21 


44948 .98207 46741 .53259 


39 


22 


42324 .98419 .43905 .56095 


38 


22 


44992 .98204 46788 .53212 


38 


23 


42370 .98415 .43954 .56046 


37 


23 


45P35 .98200 46835 .53165 


37 


24 


.42416 .98412 .44004 .55996 


36 


24 


.45077 -98196 46881 .53119 


36 




42461 .98409 .44053 .55947 


35 




45120 .98192 .46928 .53072 


35 


26 


.42507 .98405 44102 .55898 


34 


26 


.45163 .98189 46975 .53025 


34 


27 


42553 .98402 44151 .55849 


33 


27 


.45206 .98185 47021 .52979 


33 


28 


42599 .98398 44201 .55799 


32 


28 


45249 .98181 47068 .52932 


• 32 


29 


42644 .98395 44250 .55750 


31 


29 


45292 .98177 47114 .52886 


31 


80 


.42690 .98391 44299 .55701 


80 


80 


45334 .98174 47160 .52840 


80 


31 


.42735 .98388 .44348 .55652 


29 


31 


.45377 .98170 47207 .52793 


^ 


32 


.42781 .98384 44397 .55603 


28 


32 


45419 .98166 47253 .52747 


28 


33 


42826 .98381 .44446 .55554 


27 


33 


.45462 .98162 .47299 .52701 


27 


34 


42872 .98377 44495 .55505 


26 


34 


.45504 .98159 47346 .52654 


26 




42917 .98373 .44544 .55456 


25 


35 


45547 .98155 47392 .52608 


25 


36 


.42962 .98370 .44592 .55408 


24 


36 


.45589 .98151 47438 .52562 


24 


37 


43008 .98366 .44641 .55359 


23 


37 


45632 .98147 47484 .52516 


23 


38 


43053 .98363 44690 .55310 


22 


38 


45674 .98144 47530 .52470 


22 


39 


.43098 .98359 44738 .55262 


21 


39 


.45716 .98140 .47576 .52424 


21 


40 


43143 -98356 .44787 .55213 


20 


40 


.45758 .98136 47622 .52378 


20 


41 


.43188 .98352 44836 .55164 


19 


41 


.45801 .98132 47668 .52332 


19 


42 


.43233 .98349 44884 .55"6 


18 


42 


45843 .98129 47714 .52286 


18 


43 


.43278 .98345 .44933 .55067 


17 


43 


.45885 .98125 47760.. 52240 


17 


44 


43323 .98342 .44981 .55019 


16 


44 


45927 .98121 .47806 .52194 


16 


45 


.43367 .98338 .45029 .54971 


15 


45 


45969 .98117 47852 .52148 


IS 


46 


43412 .98334 45078 .54922 


14 


46 


.46011 .98113 .47897 .52103 


14 


47 


43457 .98331 .45126 .54874 


13 


47 


.46053 .98110 47943 .52057 


13 


48 


43502 .98327 .45174 .54826 


12 


48 


.46095 .98106 47989 .52011 


12 


49 


.43546 .98324 45222 .54778 


II 


49 


.46136 .98102 48035 .51965 


II 


50 


43591 .98320 .45271 .54729 


10 


60 


.46178 .98098 .48080 .51920 


10 


51 


.43635 .98317 45319 .54681 


9 


51 


.46220 .98094 .48126 .51874 


9 


52 


.43680 .98313 45367 .54633 


8 


52 


.46262 .98090 .48171 .51829 


8 


53 


.43724 .98309 .45415 .54585 


7 


53 


46303 .98087 48217 .51783 


7 


54 


43769 .98306 45463 .54537 


6 


54 


.46345 .98083 .48262 .51738 


6 


55 


.43813 .98302 455" .54489 


5 


55 


.46386 .98079 48307 .51693 


5 


56 


43857 .98299 45559 .54441 


4 


56 


.46428 .98075 .48353 .51647 


4 


57 


.43901 .98295 .45606 .54394 


3 




46469 .98071 .48398 .51602 


3 


58 


43946 .98291 .45654 .54346 


2 


58 


.46511 .98067 48443 .51557 


2 


59 


.43990 .98288 45702 .54298 


I 


59 


.46552 .98063 48489 .51511 


I 


60 


.44034 .98284 .45750 .54250 





60 


46594 .98060 48534 .51466 





/ 


9 COS 9 sin 9 cot 10 tan 


/ 


/ 


9 cos 9 sin 9 cot 10 tan 


9 1 



74° 



73<= 







17° 










18° 


45 


/ 


9 sin 


9 COB 


9 tan 


10 cot 


f 


/ 


9 sin 


9 008 


9 tan lOoot 


f 





.46594 


.98060 


.48534 


.51466 


60 





48998 


.97821 


.51178 .48822 


60 


I 


.46635 


.98056 


.48579 


.51421 


59 


I 


.49037 


.97817 


.51221 .48779 


59 


2 


46676 


.98052 


.48624 


.51376 


58 


2 


.49076 


.97812 


.51264 48736 


58 


3 


.46717 


.98048 


.48669 


•51331 


57 


3 


.49115 


.97808 


.51306 .48694 


57 


4 


.46758 


.98044 


.48714 


.51286 


56 


4 


.49153 


.97804 


.51349 .48651 


56 


5 


.46800 


.98040 


.48759 


.51241 


55 


1 


.49192 


.97800 


.51392 .48608 


55 


6 


<IV 


.98036 .48804 


.51196 


54 


.49231 


.97796 


.51435 .48565 


54 


7 


.46882 


.98032 


.48849 


.51151 


53 


7 


.49269 


.97792 


.51478 .48522 


53 


8 


.46923 


.98029 48894 


.51106 


52 


8 


49308 


.97788 


.51520 .48480 


52 


9 


.46964 


.98025 


.48939 


.51061 


51 


9 


•49347 


.97784 


•51563 -48437 


51 


10 


.47005 


.98021 


.48984 


.51016 


50 


10 


•49385 


.97779 


.51606 48394 


50 


II 


.47045 


.98017 


.49029 


.50971 


49 


II 


49424 


.97775 


.51648 .48352 


49 


12 


.47086 


.98013 


.49073 


.50927 


48 


12 


.49462 


.97771 


.51691 .48309 


48 


13 


.47127 


.98009 


.49118 


.50882 


47 


13 


.49500 


•97767 


.51734 .48266 


47 


14 


.47168 


.98005 .49163 


.50837 


46 


14 


.49539 


•97763 


.51776 .48224 


46 


15 


.47209 


.98001 


.49207 


.50793 


45 


15 


.49577 


•97759 


.51819 .48181 


45 


16 


.47249 


.97997 


.49252 


.50748 


44 


16 


.49615 


.97754 


.51861 .48139 


44 


^l 


.47290 


.97993 


49296 


.50704 


43 


17 


49654 


.97750 


.51903 48097 


43 


18 


•47330 


.97989 


.49341 


.50659 


42 


18 


.49692 


.97746 


.51946 .48054 


42 


19 


.47371 


.97986 .49385 


.50615 


41 


19 


•49730 


.97742 


.51988 .48012 


41 


20 


.47411 


.97982 


.49430 


.50570 


40 


20 


.49768 


.97738 


.52031 .47969 


40 


21 


.47452 


.97978 


.49474 


.50526 


39 


21 


49806 


.97734 


•52073 .47927 


39 


22 


.47492 


.97974 


.49519 


.50481 


38 


22 


.49844 


.97729 


.52115 .47885 


38 


23 


.47533 


.97970 


49563 


.50437 


37 


23 


.49882 


•97725 


.52157 .47843 


37 


24 


47573 


.97966 


.49607 


•50393 


36 


24 


.49920 


•97721 


.52200 .47800 


36 


^1 


.47613 


.97962 


.49652 




35 


25 


.49958 


•97717 


.52242 .47758 


35 


26 


.47654 


.97958 


.49696 


.50304 


34 


26 


•49996 


.97713 


.52284 .47716 


34 


^ 


.47694 


.97954 


.49740 


.50260 


33 


27 


.50034 


.97708 


.52326 47674 


33 


28 


47734 


.97950 


.49784 


.50216 


32 


28 


.50072 


•97704 


.52368 .47632 


32 


29 


.47774 


.97946 


.49828 


.50173 


31 


29 


.50110 


.97700 


.52410 .47590 


31 


80 


.47814 


.97942 


49872 


.50128 


80 


80 


.50148 


.97696 


.52452 .47548 


80 


31 


.47854 


.97938 49916 


.50084 


29 


31 


.50185 


.97691 


.52494 .47506 


^ 


32 


47894 


.97934 


49960 


.50040 


28 


32 


.50223 


.97687 


.52536 .47464 


28 


33 


.47934 


.97930 


.50004 


.49996 


27 


33 


.50261 


.97683 


.52578 .47422 


27 


34 


.47974 


.97926 


.50048 


.49952 


26 


34 


.50298 


•97679 


.52620 .47380 


26 


^ 


.48014 


.97922 


.50092 


.49908 


25 


35 


.50336 


•97674 


.52661 .47339 


25 


36 


48054 


.97918 


.50136 .49864 


24 


36 


.50374 


•97670 


.52703 .47297 


24 


37 


.48094 


.97914 


.50180 49820 


23 


37 


.50411 


.97666 


.52745 .47255 


23 


38 


.48133 


.97910 


.50223 


.49777 


22 


38 


.50449 


.97662 


.52787 .47213 


22 


39 


.48173 .97906 


.50267 


.49733 


21 


39 


.50486 


•97657 


.52829 .47171 


21 


40 


.48213 


.97902 


.50311 


.49689 


20 


40 


.50523 


.97653 


.52870 .47130 


20 


41 


.48252 


.97898 


.50355 


.49645 


19 


41 


.50561 


.97649 


.52912 .47088 


^? 


42 


48292 


.97894 




.49602 


18 


42 


.50598 


.97645 


.52953 .47047 


18 


43 


.48332 


.97890 


.50442 


49558 


17 


43 


.50635 


.97640 


.52995 .47005 


'Z 


44 


.48371 


.97886 


.50485 


.49515 


16 


44 


.50673 


.97636 


.53037 .46963 


16 


45 


.48411 


.97882 


.50529 


.49471 


15 


45 


.50710 


.97632 


.53078 .46922 


15 


46 


.48450 


.97878 


.50572 .49428 


14 


46 


.50747 


.97628 


.53120 .46880 


14 


^Z 


.48490 


.97874 


.50616 .49384 


13 


47 


.50784 


.97623 


.53161 46839 


13 


48 


.48529 


.97870 


•50659 


.49341 


12 


48 


.50821 


.97619 


.53202 .46798 


12 


49 


.48568 


.97866 


.50703 


•49297 


n 


49 


.50858 


.97615 


.53244 .46756 


II 


60 


.48607 


.97861 


.50746 


.49254 


10 


50 


.50896 


.97610 


.53285 .46715 


10 


51 


.48647 


.97857 


.50789 


.49211 


9 


51 


.50933 


.97606 


.53327 .46673 


9 


52 


.48686 


•97853 


.50833 


.49167 


8 


52 


.50970 


.97602 


.53368 .46632 


8 


53 


.48725 


.97849 


.50876 


.49124 


7 


53 


.51007 


.97597 


.53409 .46591 


7 


54 


.48764 


.97845 


.50919 


.49081 


6 


54 


.51043 


.97593 


.53450 .46550 


6 


55 


.48803 


.97841 


.50962 


.49038 


5 




.51080 


.97589 


.53492 .46508 


5 


56 


.48842 


.97837 


.51005 


48995 


4 


56 


.51117 


.97584 


.53533 .46467 


4 


57 


.48881 


.97833 


.51048 


.48952 


3 


57 


.51154 


.97580 


.53574 .46426 


3 


58 


48920 


.97829 


.51092 


48908 


2 


58 


.51191 


.97576 


.53615 46385 


2 


59 


.48959 


.97825 


.51135 


48865 


I 


59 


.51227 


.97571 


•53656 .46344 


I 


60 


.48998 


.97821 


.51178 .48822 





60 


.51264 


.97567 


.53697 46303 





/ 


9 COB 


9 8m 


9oot 


10 tan 


f 


f 


9 008 


9 Bin 


9oot 10 tan 


/ 



72' 



7V 



46 


19° 






20° 




/ 


9 sin 9 00s 9 tan 10 oot 


/ 


9 


9 sin 9 cos 9 tan 10 oot 


/ 





.51264 .97567 .53697 ^6303 


60 





.53405 .97299 .56107 43893 


60 


I 


.51301 .97563 .53738 46262 
.51338 .97558 .53779 46221 


59 


I 


.53440 .97294 .56146 .43854 


59 


2 


58 


3 


•53475 .97289 .56185 43815 


58 


3 


.51374 .97554 .53820 46180 


57 


3 


.53509 .97285 .56224 .43776 


57 


4 


.51411 .97550 .53861 46139 


56 


4 


•53544 .97280 .56264 43736 


56 


5 


.51447 .97545 .53902 .46098 


55 


5 


.53578 .97276 .56303 43697 


55 


6 


.51484 .97541 .53943 46057 


54 


6 


•53613 .97271 .56342 43658 


54 


7 


.51520 .97536 .53984 46016 


53 


7 


•53647 .97266 .56381 .43619 


53 


8 


.51557 .97532 .54025 45975 


52 


8 


.53682 .97262 .56420 .43580 


52 


9 


.5^593 .97528 .54065 45935 


51 


9 


.53716 .97257 .56459 43541 


51 


10 


.51629 .97523 .54106 45894 


60 


10 


.53751 .97253 .56498 43502 


50 


II 


.51666 .97519 .54147 45853 


49 


II 


•53785 .97248 .56537 .43463 


49 


12 


.51702 .97515 .54187 45813 


48 


12 


.53819 .97243 .56576 43424 


48 


13 


.51738 .97510 .54228 45772 


^Z 


13 


.53854 .97238 .56615 .43385 


47 


14 


.51774 .97506 .54269 45731 


46 


14 


.53888 .97234 .56654 43346 


46 


15 


.51811 .97501 .54309 .45691 


45 


15 


.53922 .97229 .56693 .43307 


45 


i6 


.51847 .97497 .54350 .45650 


44 


16 


.53957 .97224 .56732 43268 


44 


17 


.51883 .97492 .54390 .45610 


43 


^l 


.53991 .97220 .56771 .43229 


43 


l8 


.51919 .97488 .54431 .45569 


42 


18 


.54025 .97215 .56810 .43190 


42 


19 


.51955 .97484 .54471 .45529 


41 


19 


.54059 .97210 .56849 .43151 


41 


20 


.51991 .97479 .54512 .45488 


40 


20 


.54093 .97206 .56887 .43113 


40 


21 


.52027 .97475 .54552 .45448 


39 


31 


.54127 .97201 .56926 .43074 


39 


22 


.52063 .97470 .54593 45407 


38 


22 


.54161 .97196 .56965 43035 


38 


23 


.52099 .97466 .54633 45367 


37 


23 


.54195 .97192 .57004 42996 


37 


24 


.52135 .97461 .54673 .45327 


36 


24 


•54229 .97187 .57043 .42958 


36 


^1 


.52171 .97457 .54714 45286 


35 


*§ 


•54263 .97182 .57081 42919 


35 


26 


.52207 .97453 .54754 .45246 


34 


26 


.54297 .97178 .57120 .42880 


34 


27 


.52242 .97448 .54794 .45206 


33 


27 


.54331 .97173 .57158 42842 


33 


28 


.52278 .97444 .54835 45165 


32 


28 


.54365 .97168 .57197 .42803 


32 


29 


.52314 .97439 .54875 .45125 


31 


29 


.54399 .97163 .57235 .42765 


31 


80 


.52350 .97435 .54915 45085 


30 


80 


•54433 .97159 .57274 42726 


80 


31 


.52385 -97430 .54955 45045 


29 


31 


.54466 .97154 .57312 42688 


29 


32 


.52421 .97426 .54995 .45005 


28 


32 


.54500 .97149 .57351 .42649 


28 


33 


.52456 .97421 .55035 .44965 


^ 


33 


.54534 .97145 .57389 42611 


27 


34 


.52492 .97417 .55075 44925 


26 


34 


•54567 .97140 .57428 42572 


26 


35 


.52527 .97412 .55115 .44885 


25 


35 


.54601 .97135 .57466 .42534 


25 


36 


.52563 .97408 .55155 .44845 


24 


36 


•54635 ^97130 .57504 .42496 


24 


37 


.52598 .97403 .55195 44805 


23 


37 


.54668 .97126 .57543 42457 


23 


38 


.52634 .97399 .55235 .44765 


22 


38 


•54702 .97121 .57581 42419 


22 


39 


.52669 .97394 .55275 44725 


21 


39 


•54735 .97116 .57619 .42381 


21 


40 


.52705 .97390 .55315 .44685 


20 


40 


.54769 .97111 .57658 .42342 


20 


41 


.52740 .97385 .55355 .44645 


19 


41 


.54802 .97107 .57696 .42304 


19 


42 


.52775 .97381 .55395 44605 


18 


42 


.54836 .97102 .57734 .42266 


18 


43 


.52811 .97376 .55434 .44566 


17 


43 


.54869 .97097 .57772 .42228 


17 


44 


,52846 .97372 .55474 .44526 


16 


44 


.54903 .97092 .57810 .42190 


16 


45 


.52881 .97367 .55514 .44486 


15 


45 


.54936 .97087 .57849 .42151 


15 


46 


.52916 .97363 .55554 .44446 


14 


46 


.54969 .97083 .57887 .42113 


14 


47 


.52951 -97358 .55593 .44407 


13 


47 


.55003 .97078 .57925 42075 


13 


48 


.52986 .97353 .55633 .44367 


12 


48 


.55036 .97073 .57963 42037 


12 


49 


•53021 .97349 .55673 44327 


11 


49 


.55069 .97068 .58001 41999 


II 


50 


.53056 .97344 .55712 .44288 


10 


60 


.55102 .97063 .58039 41961 


10 


51 


.53092 .97340 .55752 44248 


9 


51 


.55136 .97059 .58077 .41923 


9 


52 


.53126 .97335 .55791 .44209 


8 


52 


.55169 .97054 .58115 41885 


8 


53 


.53161 .97331 .55831 .44169 


7 


53 


.55202 .97049 .58153 41847 


7 


54 


•53196 .97326 .55870 .44130 


6 


54 


.55235 .97044 .58191 .41809 


6 


55 


.53231 .97322 .55910 .44090 


5 


55 


.55268 .97039 .58229 41771 


5 


56 


.53266 .97317 .55949 .44051 


4 


56 


.55301 .97035 .58267 41733 


4 


57 


•5330I .97312 .55989 .44011 


3 


57 


.55334 .97030 .58304 .41696 


3 


58 


.53336 .97308 .56028 .43972 


2 


58 


.55367 .97025 .58342 41658 


2 


59 


•53370 .97303 .56067 .43933 


I 


59 


.55400 .97020 .58380 .41620 


I 


60 


•53405 ^97299 .56107 .43893 





60 


.55433 .97015 .58418 .41582 


. 


9 


9 COS 9 sin 9 cot 10 tan 


/ 


/ 


9 COS 9 sin 9 cot 10 tan 


/ 



70° 



69° 



21 



22' 



47 



10 

II 

12 

13 

14 

x'l 

17 
i8 

19 
20 

21 
22 
23 
24 

25 
26 
27 
28 
29 

30 

31 
32 
33 
34 
35 
36 

37 
38 
39 

40 

41 
42 
43 
44 
45 
46 

47 
48 

49 

50 

SI 
52 
53 
54 
55 
56 
57 
58 
59 

60 



9 sin 9 008 9 tan 10 oot 



•55433 
.55466 
•55499 
.55532 
.55564 
•55597 
.55630 
.55663 
•55695 
.55728 

.55761 
•55793 
.55826 
.55858 
.55891 
.55923 
.55956 
.55988 
.56021 
.56053 

.56085 
.56118 
.56150 
.56182 
.56215 
.56247 
.56279 

.563" 
.56343 
.56375 

.56408 
.56440 
•56472 
•56504 
.56536 
.56568 
.56599 
.56631 
.56663 

.56695 

.56727 
.56759 
.56790 
.56822 

.56854 
.56886 

.56917 
.56949 
.56980 
.57012 

•57044 
•5707s 
•57107 
•57138 
•57169 
.57201 
.57232 
•57264 
.57295 
.57326 



.97015 

.97010 

.97005 

.97001 

.96996. 

.96991 

.96986 

.96981 

.96976 

.96971 

.96966 
.96962 
.96957 
.96952 
.96947 
.96942 

.96937 
.96932 
.96927 
.96922 

.96917 
.96912 
.96907 
.96903 
.96898 

.96893 
.96888 
.96883 
.96878 
.96873 

.96868 
.96863 
.96858 

.96853 
.96848 

.96843 
.96838 

.96833 
.96828 
.96823 

.96818 
.96813 
.96808 
.96803 
.96798 

.96793 
.96788 

.96783 
.96778 
•96772 

.96767 
.96762 

.96757 
.96752 

.96747 
.96742 
.96737 
.96732 
.96727 
.96722 



.58418 
.58455 
.58493 
.58531 
.58569 
.58606 
.58644 
.58681 
.58719 
•58757 

.58794 
.58832 
.58869 

.58907 
.58944 
.58981 
.59019 
.59056 
.59094 
•59131 

.59168 
.59205 

.59243 
.59280 

.59317 
.59354 
.59391 
.59429 
.59466 
.59503 

.59540 
.59577 
.59614 

.59651 
.59688 

.59725 
.59762 

.59799 
•59835 
.59872 

.59909 
•59946 
.59983 
.60019 
.60056 
.60093 
.60130 
.60166 
.60203 
.60240 

.60276 
.60313 
.60349 
.60386 
.60422 
.60459 
.60495 
.60532 
.6o«;68 
.60605 



.41582 
.41545 
.41507 
.41469 

.41431 
.41394 
.41356 
.41319 
.41281 

.41243 

.4x206 
.41168 

.41131 
.41093 
.41056 
.41019 
.40981 

.40944 
.40906 

.40869 

.40832 
.40795 
•40757 
.40720 
.40683 
.40646 
.40609 
40571 
.40534 
.40497 

.40460 
.40423 
.40386 
.40349 
.40312 
.40275 
.40238 
.40201 
.40165 
.40128 

.40091 
40054 
.40017 
.39981 
.39944 
.39907 
.39870 
.39834 
.39797 
.39760 

.39724 
.39687 
.39651 
.39614 
.39578 
•39541 
•39505 
.39468 
.39432 
.39395 



.57358 .96717 .60641 .39359 



9 008 9 sin 9 cot ID tan 



68° 



60 

58 
57 
56 
55 
54 
53 
52 
51 

50 

48 

46 
45 
44 
43 
42 
41 

40 

39 
38 

36 
35 
34 
33 
32 
31 

80 

29 
28 

27 
26 

25 
24 

23 
22 
21 

20 

19 
18 

17 
16 

15 
14 
13 
12 
II 

10 

9 
8 

7 
6 

5 
4 
3 

2 
I 





I 
2 
3 
4 

i 

7 
8 

9 

10 

II 
12 
13 
14 
15 
16 

17 
18 

19 

20 

21 
22 
23 
24 

26 

27 
28 
29 

80 

31 
32 
33 

34 

36 
37 
38 
39 

40 

41 
42 
43 

44 

46 
47 
48 
49 

50 

51 
52 
53 
54 
55 
56 
57 
58 
59 

60 



9 8in 9 008 9 tan 10 oot 



57358 
57389 
57420 
57451 
57482 

•57514 
.57545 
57576 
■57607 
57638 

57669 
S7700 

57731 
57762 

57793 
.57824 

.57855 
57885 
57916 
57947 

57978 
,58008 
58039 
58070 
58101 

58131 
.58162 
.58192 
58223 
58253 

58284 
58314 
58345 
58375 
58406 

58436 
58467 
58497 
58527 
58557 

58588 
58618 
58648 
.58678 
58709 
58739 
58769 
.58799 
58829 

58859 

,58889 
,58919 
58949 
58979 
59009 

59039 
59069 

59098 
59128 
59158 



.96717 
.96711 
.96706 
.96701 
.96696 
.96691 
.96686 
.96681 
.96676 
.96670 

.96665 
.96660 

.96655 
.96650 

.96645 
.96640 
.96634 
.96629 
.96624 
.96619 

.96614 
.96608 
.96603 
.96598 

.96593 
.96588 
.96582 
.96577 
.96572 
.96567 

.96562 
.96556 
.96551 
.96546 
.96541 
.96535 
.96530 
.96525 
.96520 
.96514 

.96509 
.96504 
.96498 
.96493 
.96488 
.96483 
.96477 
.96472 
.96467 
.96461 

.96456 
.96451 

.96445 
.96440 

.96435 
.96429 
.96424 
.96419 

.96413 
.96408 



.60641 
,60677 
,60714 
.60750 
.60786 
,60823 
.60859 
.60895 
.60931 
,60967 

.61004 
,61040 
,61076 
,61112 
.61148 
,61184 
.61220 
,61256 
.61292 
.61328 

.61364 
.61400 
.61436 
.61472 
,61508 
61544 
.61579 
.61615 
.61651 
.61687 

.61722 
.61758 
.61794 
.61830 
.61865 
.61901 
61936 
.61972 
.62008 
,62043 

,62079 
62114 
,62150 
,62185 
.62221 
.62256 
.62292 
.62327 
,62362 
,62398 

.62433 
,62468 
.62504 
62539 
62574 
,62609 
,62645 
.62680 
,62715 
.62750 



.39359 
•39323 
.39286 

.39250 
.39214 

.39177 
.39141 
.39105 
.39069 
.39033 

.38996 
.38960 
.38924 
.38888 
.38852 
.38816 
.38780 
.38744 
.38708 
.38672 

.38636 
.38600 
.38564 
.38528 
.38492 
.38456 
.38421 
.38385 
.38349 
.38313 

.38278 
.38242 
.38206 
.38170 

.38135 
.38099 
.38064 
.38028 
.37992 
•37957 

.37921 
.37886 
.37850 
.37815 
.37779 
.37744 
.37708 

.37673 
.37638 
.37602 

•37567 
•37532 
•37496 
•37461 
•37426 
•37391 
.37355 
.37320 

.37285 
.37250 



.59188 .96403 .62785 .37215 



9 008 9 sin 9 oot ID tan 



67' 



60 

59 
58 
57 
56 
55 
54 
53 
52 
51 

50 

49 
48 
47 
46 

45 
44 
43 
42 
41 

40 

39 
38 

36 
35 
34 
33 
32 
31 

80 

29 

28 

27 
26 

25 
24 
23 
22 
21 

20 

19 
18 

17 
16 

15 
14 
13 
12 
II 

10 

9 
8 

7 
6 

5 
4 
3 



48 


23° 






24° 




/ 


9 sin 9 008 


9 tan lOoot 


/ 


9 


9 sin 9 008 9 tan lOoot 


9 





.59188 .96403 


.62785 .37215 


60 





.60931 .96073 .64858 .35142 


60 


I 


.59218 .96397 


.62820 .37180 


59 


I 


.60960 .96067 .64892 .35108 


59 


2 


.59247 .96392 


.62855 .37145 


58 


2 


.60988 .96062 .64926 .35074 


58 


3 


.59277 .96387 


.62890 .37110 


57 


3 


.61016 .96056 .64960 .35040 


57 


4 


.59307 .96381 


.62926 .37074 


56 


4 


.61045 .96050 .64994 .35006 


56 


5 


.59336 .96376 


.62961 .37039 


55 




.61073 .96045 .65028 .34972 


55 


6 


.59366 .96370 


.62996 .37004 


54 


6 


.61101 .96039 .65062 .34938 


54 


7 


.59396 .96365 


.63031 .36969 


53 


7 


.61129 .96034 .65096 .34904 


53 


8 


.59425 .96660 


.63066 .36934 


52 


8 


.61158 .96028 .65130 .34870 


52 


9 


.59455 .96354 


.63101 .36899 


51 


9 


.61186 .96022 .65164 .34836 


51 


10 


.59484 .96349 


.63135 .36865 


50 


10 


.61214 .96017 .65197 .34803 


50 


II 


.59514 .96343 


.63170 .36830 


49 


II 


.61242 .96011 .65231 .34769 


49 


12 


.59543 .96338 .63205 .36795 


48 


12 


.61270 .96005 .65265 .34735 


48 


13 


.59573 .96333 


.63240 .36760 


47 


13 


.61298 .96000 .65299 .34701 


47 


H 


.59602 .96327 


.63275 .36725 


46 


14 


.61326 .95994 .65333 .34667 


46 


15 


.59632 .96322 


.63310 .36690 


45 


15 


.61354 .95988 .65366 .34634 


45 


i6 


.59661 .96316 


.63345 .36655 


44 


16 


.61382 .95982 .65400 .34600 


44 


17 


.59690 .96311 


.63379 .36621 


43 


17 


.61411 .95977 .65434 .34566 


43 


i8 


.59720 .96305 


.63414 .36586 


42 


18 


.61438 .95971 .65467 .34533 


42 


19 


.59749 .96300 


.63449 .36551 


41 


19 


.61466 .95965 .65501 .34499 


41 


20 


.59778 .96294 


.63484 .36516 


40 


20 


.61494 .95960 .65535 .34465 
.61522 .95954 .65568 .34432 


40 


21 


.59808 .96289 


.63519 .36481 


39 


21 


39 


22 


.59837 .96284 


.63553 .36447 


38 


22 


.61550 .95948 .65602 .34398 


38 


23 


.59866 .96278 


.63588 .36412 


37 


23 


.61578 .95942 .65636 .34364 


37 


24 


.59895 .96273 


.63623 .36377 


36 


24 


.61606 .95937 .65669 .34331 


36 


as 


.59924 .96267 


.63692 .36308 


35 


25 


.61634 .95931 .65703 .34297 


35 


26 


.59954 .96262 


34 


26 


.61662 .95925 .65736 .34264 


34 


27 


.59983 .96256 


.63726 .36274 


33 


27 


.61689 .95920 .65770 .34230 


33 


28 


.60012 .96251 


.63761 ^^36239 


32 


28 


.61717 .95914 .65803 .34197 


32 


a9 


.60041 .96245 


.63796 .36204 


31 


29 


.61745 .95908 .65837 .34163 


31 


80 


.60070 .96240 


.63830 .36170 


30 


80 


.61773 .95902 .65870 .34130 


30 


31 


.60099 .96234 


.63865 .36135 


29 


31 


.61800 .95897 .65904 .34096 


29 


33 


.60128 .96229 


.63899 .36101 


28 


32 


.61828 .95891 .65937 .34063 


28 


33 


.60157 .96223 


.63934 .36066 


27 


33 


.61856 .95885 .65971 .34029 


27 


34 


.60186 .96218 


.63968 .36032 


a6 


34 


.61883 .95879 .66004 .33996 


26 




.60215 .96212 


.64003 .35997 


25 




.61911 .95873 .66038 .33962 


25 


36 


.60244 .96207 


.64037 .35963 


24 


36 


.61939 .95868 .66071 .33929 


24 


37 


.60273 .96201 


.64072 .35928 


23 


37 


.61966 .95862 .66104 .33896 


23 


38 


.60302 .96196 .64106 .35894 


22 


38 


.61994 .95856 .66138 .33862 


22 


39 


.60331 .96190 


.64140 .35860 


21 


39 


.62021 .95850 .66171 .33829 


21 


40 


.60359 .96185 


.64175 .35825 


20 


40 


.62049 .95844 .66204 .33796 


20 


41 


.60388 .96179 


.64209 .35791 


19 


41 


.62076 .95839 .66238 .33762 


19 


43 


.60417 .96174 


.64243 .35757 


18 


42 


.62104 .95833 .66271 .33729 


18 


43 


.60446 .96168 


.64278 .35722 


17 


43 


.62131 .95827 .66304 .33696 


17 


44 


.60474 .96162 


.64312 .35688 


16 


44 


.62159 .95821 .66337 .33663 


i6 


45 


.60503 .96157 


.64346 .35654 


15 


45 


.62186 .95815 .66371 .33629 


15 


46 


.60532 .96151 


.64381 .35619 


14 


46 


.62214 .95810 .66404 .33596 


14 


47 


.60561 .96146 


.64415 .35585 


13 


47 


.62241 .95804 .66437 .33563 


13 


48 


.60589 .96140 


.64449 .35551 


12 


48 


.62268 .95798 .66470 .33530 


12 


49 


.60618 .96135 


.64483 .35517 


II 


49 


.62296 .95792 .66503 .33497 


II 


50 


.60646 .96129 


.64517 .35483 


10 


50 


.62323 .95786 .66537 .33463 


10 


SI 


.60675 .96123 


.64552 .35448 


9 


51 


.62350 .95780 .66570 .33430 


9 


52 


.60704 .96118 


.64586 .35414 


8 


52 


.62377 .95775 .66603 .33397 


8 


53 


.60732 .96112 


.64620 .35380 


7 


53 


.62405 .95769 .66636 .33364 


7 


54 


.60761 .96107 


.64654 .35346 


6 


54 


.62432 .95763 .66669 .33331 


6 




.60789 .96101 


.64688 .35312 


5 


55 


.62459 .95757 .66702 .33298 


5 


56 


.60818 .96095 


.64722 .35278 


4 


56 


.62486 .95751 .66735 .33265 


4 


57 


.60846 .96090 


.64756 .35244 


3 




.62513 .95745 .66768 .33232 


3 


58 


.60875 .96084 


.64790 .35210 


2 


58 


.62541 .95739 .66801 .33199 


2 


59 


.60903 .96C//9 


.64824 .35176 


I 


59 


.62568 .95733 .66834 .33166 


I 


60 


.60931 .96073 


.64858 .35142 





60 


.62595 .95728 .66867 .33^33 





/ 


9 008 9 sin 


9oot ID ton 


f 


f 


9 cos 9 8m 9oot 10 tan 


9 



66° 



65° 



25^ 



26^ 



49 



9 dn 9 008 9 tan 10 oot 



9 sin 9 008 9 tan 10 oot 



3 

4 
5 
6 

7 
8 

9 

10 

II 

12 

13 
14 
15 
16 

17 
18 

19 

20 

21 
22 

23 
24 

36 

27 
28 

39 

30 

31 
32 
33 
34 
35 
36 

3Z 
38 

39 

40 

41 
42 
43 
44 
45 
46 

47 
48 

49 

50 

51 

52 
S3 
.54 
55 
56 
57 
58 
59 



.62595 
.62622 
.62649 
.62676 
.62703 
.62730 
.62757 
.62784 
.62811 
.62838 

.62865 



.62918 

.62945 
.62972 
.62999 
.63026 
.63052 
.63079 
.63106 

.63133 
.63159 
.63186 
.63213 
.63239 
.63266 
.63292 
.63319 
.63345 
.63372 

.63398 
.63425 
.63451 
.63478 
.63504 
.63531 
.63557 

.63610 
.63636 

.63662 
.63689 
.63715 
•63741 
.63767 
.63794 
.63820 
.63846 
.63872 
.63898 

.63924 
.63950 
.63976 
.64002 
.64028 
.64054 
.64080 
.64106 
.64132 
.64158 



.95728 
.95722 
.95716 
.95710 
.95704 
.95698 
.95692 
.95686 
.95680 
.95674 

.95668 
.95663 
.95657 
.95651 
.95645 
.95639 
.95633 
.95627 
.95621 
.95615 

.95609 
.95603 
.95597 
.95591 
.95585 
.95579 
.95573 
.95567 
.95561 
.95555 

.95549 
•95543 
•95537 
.95531 
.95525 
.95519 
.95513 
.95507 
.95500 
.95494 

.95488 
.95482 
.95476 
.95470 
.95464 
.95458 
.95452 
.95446 
.95440 
.95434 

.95427 
.95421 
.95415 
.95409 

.95403 
•95397 
•95391 
.95384 
.95378 
•95372 



.66867 
.66900 
•66933 
.66966 

•66999 
.67032 
.67065 
.67098 
.67131 
.67163 

.67196 
.67229 
.67262 
.67295 
.67327 
.67360 

•67393 
.67426 
.67458 
.67491 

.67524 
.67556 
•67589 
.67622 

.67654 
.67687 

.67719 
.67752 
.67785 
.67817 

.67850 
.67882 

.67915 
.67947 
.67980 
.68012 
.68044 
.68077 
.68109 
.68142 

.68174 
.68206 
.68239 
.68271 
.68303 
.68336 
.68368 
.68400 
.68432 
.68465 

.68497 
.68529 
.68561 

.68593 
.68626 
.68658 
.68690 
.68722 

.68754 
.68786 



.33133 
.33100 
•33067 
.33034 
.33001 
.32968 
.32935 
.32902 
.32869 
.32837 

.32804 
.32771 
.32738 
.32705 
.32673 
.32640 
.32607 
.32574 
•32542 
.32509 

.32476 

.32444 
.32411 
.32378 
.32346 
.32313 
.32281 
.32248 
.32215 
.32183 

.32150 
.32118 
.32085 

.32053 
.32020 
.31988 
.31956 
.31923 
.31891 
.31858 

.31826 

.31794 
.31761 

.31729 
.31697 
.31664 
.31632 
.31600 
.31568 
•31535 

.31503 
•31471 
.31439 
.31407 
.31374 
.31342 
.31310 
.31278 
.31246 
.31214 



60 

5§ 
58 

57 

56 

55 
54 
53 
52 
51 

60 

49 
48 
47 
46 
45 
44 
43 
42 
41 

40 

39 
38 

31 
36 

35 

34 

33 

32 

31 

80 

29 

28 

27 
26 

25 
24 
23 

32 

21 

20 

19 
18 

17 
16 

15 
14 
13 
12 
II 

10 

9 
8 

7 
6 

5 
4 
3 



60 .64184 .95366 .68818 .31182 



10 

II 
12 
13 
14 
15 
16 

17 
18 

19 

20 

21 
22 

23 
24 
25 
26 

27 
28 
29 

30 

31 
32 
33 
34 
35 
36 
37 
38 
39 

40 

41 
42 
43 
44 

46 
47 
48 
49 

50 

51 
52 
53 
54 
55 
56 
57 
58 
59 

60 



.64184 
.64210 
.64236 
.64262 
64288 
64313 
64339 
64365 
64391 
■64417 

,64442 
.64468 
64494 
64519 
.64545 
.64571 
.64596 
,64622 
,64647 
64673 

,64698 
,64724 
,64749 

■64775 
,64800 
,64826 
.64851 
,64877 
64902 
.64927 

.64953 
.64978 
65003 
65029 
65054 
65079 
65104 
.65130 

.65155 
,65180 

.65205 
,65230 

.65255 
.65281 
.65306 
.65331 
.65356 
.65381 
.65406 

■65431 

•65456 
.65481 
.65506 
■65531 
■65556 
65580 
,65605 
,65630 

■65655 
,65680 



.95366 
•95360 
•95354 
.95348 
•95341 
•95335 
.95329 
.95323 
.95317 
.95310 

•95304 
.95298 
.95292 
.95286 
.95279 
.95273 
•95267 
.95261 
.95254 
•95248 

.95242 
•95236 
•95229 
•95223 
•95217 
.95211 
.95204 
.95198 
.95192 
.95185 

.95179 
.95173 
•95167 
•95160 
.95154 
.95148 

•95141 
•95135 
.95129 
.95122 

.95116 
.95110 
.95103 
•95097 
•95090 
.95084 
.95078 

.95071 
•95065 
•95059 

•95052 
.95046 
.95039 
.95033 
•95027 
.95020 
.95014 
•95007 
.95001 
.94995 



.68818 
.68850 
.68882 
.68914 
.68946 
.68978 
.69010 
.69042 

.69074 
.69106 

.69138 
.69170 
.69202 
.69234 
.69266 
.69298 

.69329 
.69361 

.69393 
.69425 

.69457 
.69488 
.69520 
.69552 
.69584 
.69615 

.69647 
.69679 
.69710 
.69742 

.69774 
.69805 

.69837 
.69868 
.69900 
.69932 
.69963 

.69995 
.70026 
•70058 

.70089 
.70121 
•70152 
.70184 
.70215 

.70247 
.70278 

.70309 
.70341 
.70372 

.70404 

•70435 
.70466 

.70498 
•70529 
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.04175 


45 


i6 


.81926 .87601 .94324 .05676 


44 


.82775 


.86924 .95850 


.04150 


44 


17 


.81940 .87590 .94350 .05650 


43 


17 


.82788 


.86913 


.95875 


.04125 


43 


i8 


.81955 .87579 .94375. .05625 


42 


18 


.82802 


.86902 


.95901 


.04099 


42 


19 


.81969 .87568 .94401 .05599 


41 


19 


.82816 


.86890 


.95926 


.04074 


41 


20 


.81983 .87557 .94426 .05574 


40 


20 


.82830 


.86879 


.95952 


.04048 


40 


21 


.81998 .87546 .94452 .05548 


39 


21 


.82844 


.86867 


.95977 


.04023 


39 


22 


.82012 .87535 .94477 .05523 


38 


22 


.82858 


.86855 


.96002 


.03998 


38 


23 


.82026 .87524 .94503 .05497 
.82041 .87513 .94528 .05472 


37 


23 


.82872 


.86844 


.96028 


.03972 


37 


34 


36 


24 


.82885 


.86832 


.96053 


.03947 


36 


25 


.82055 .87501 .94554 .05446 


35 


% 


.82899 


,86821 


.96078 


.03922 


35 


26 


.82069 .87490 .94579 x)542i 


34 


.82913 


.86809 


.96104 


.03896 


34 


27 


.82084 .87479 .94604 .05396 


33 


27 


.82927 


.86798 


.96129 


.03871 


33 


28 


.82098 .87468 .94630 .05370 


32 


28 


.82941 


.86786 


.96155 


.03845 


32 


29 


.82112 .87457 .94655 .05345 


31 


29 


.82955 


.86775 


.96180 


.03820 


31 


80 


.82126 .87446 .94681 .05319 


80 


80 


.82968 


.86763 


.96205 


.03795 


30 


31 


.82141 .87434 .94706 .05294 


29 


31 


.82982 


.86752 


.96231 


.03769 


29 


32 


.82155 .87423 .94732 .05268 


28 


32 


.82996 


.86740 


.96256 


.03744 


28 


33 


.82169 .87412 .94757 .05243 
.82184 .87401 .94783 .05217 


27 


33 


.83010 


.86728 .96281 


.03719 


27 


34 


26 


34 


.83023 


.86717 .96307 




26 


35 


.82198 .87390 .94808 .05192 


25 




.83037 


.86705 


.96332 


.03668 


25 


36 


.82212 .87378 .94834 .05166 


24 


36 


.83051 


.86694 


.96357 .03643 


24 


37 


.82226 .87367 .94859 .05141 


23 


37 


.83065 


.86682 


.96383 


.03617 


23 


38 


.82240 .87356 .94884 .05116 


22 


38 


.83078 


.86670 


.96408 


.03592 


22 


39 


.82255 .87345 .94910 .05090 


21 


39 


.83092 


.86659 


.96433 


.03567 


21 


40 


.82269 .87334 .94935 .05065 


20 


40 


.83106 


.86647 


.96459 


.03541 


20 


41 


.82283 .87322 .94961 .05039 


19 


41 


.83120 


.86635 


.96484 


.03516 


^i 


42 


.82297 .87311 .94986 .05014 


18 


42 


.83133 


.86624 


.96510 


.03490 


18 


43 


.82311 .87300 .95012 .04988 


17 


43 


.83147 


.86612 


.96535 


.03465 


17 


44 


.82326 .87288 .95037 .04963 


16 


44 


.83161 


.86600 


.96560 


.03440 


16 


45 


.82340 .87277 .95062 .04938 


15 


45 


.83174 


.86589 


.96586 


.03414 


15 


46 


.82354 .87266 .95088 .04912 


14 


46 


.83188 


.86577 


.96611 


.03389 


14 


47 


.82368 .87255 .95113 .04887 


13 


47 


.83202 


.86565 


.96636 
.96662 


.03364 


13 


48 


.82382 .87243 .95139 .04861 


12 


48 


.83215 


.86554 


.03338 


12 


49 


.82396 .87232 .95164 .04836 


II 


49 


.83229 


.86542 


.96687 


.03313 


II 


60 


.82410 .87221 .95190 .04810 


10 


60 


.83242 


.86530 


.96712 


.03288 


10 


51 


.82424 .87209 .95215 .04785 


9 


51 


.83256 


.86518 


.96738 


.03262 


9 


52 


.82439 .87198 .95240 .04760 


8 


52 


.83270 


.86507 


.96763 
.96788 


.03237 


8 


53 


.82453 .87187 .95266 .04734 


7 


53 


.83283 


.86495 


.03212 


7 


54 


.82467 .87175 .95291 .04709 


6 


54 


.83297 


.86483 


.96814 


.03186 


6 


55 


.82481 .87164 .95317 .04683 


5 




.83310 


.86472 


.96839 


.03161 


5 


56 


.82495 .87153 .95342 .04658 


4 


.83324 


.86460 


.96864 


.03136 


4 


57 


.82509 .87141 .95368 .04632 


3 


57 


.83338 


.86448 


.96890 


.03110 


3 


58 


.82523 .87130 .95393 .04607 


2 


58 


.83351 


.86436 


.96915 


.03085 


2 


59 


.82537 .87119 .95418 .04582 


I 


59 


.83365 


.86425 


.96940 


.03060 


I 


60 


.82551 .87107 .95444 .04556 





60 


.83378 


.86413 


.96966 


.03034 





/ 


9 008 9 8m 9 oot iOtan 


/ 


f 


9 008 


9 sin 


9 oot 


IOtan 


t 



48= 



AT 



58 




43° 










44° 






> 


Sain 


9 008 


9taii 


lOoot 


t 


9 


9 8ill 


9 008 


9tan 


lOoot 


/ 





.83378 


.86413 


.96966 


.03034 


60 





.84177 


.85693 


.98484 


.01516 


60 


I 


.83392 


.86401 


.96991 


.03009 


59 


I 


.84190 


.85681 


.98509 


.01491 


59 


2 


•83405 


.86389 


.97016 


.02984 


58 


2 


.84203 


.85669 


.98534 


.01466 


58 


3 


.83419 


.86377 


.97042 


.02958 


57 


3 


.84216 


.85657 


.98560 


.01440 


57 


4 


•83432 


.86366 


.97067 


.02933 


56 


4 


.84229 


.85645 


.98585 


.01415 


56 


5 


.83446 


.86354 


.97092 


.02908 


55 




.84241 


.85632 


.98610 


.01390 


55 


6 


•83459 


.86342 


.97118 


.02882 


54 


6 


.84255 


.85620 


.98635 


.01365 


54 


7 


.83473 


.86330 


.97143 


.02857 


53 


7 


.84269 


.85608 


.98661 


•01339 


53 


8 


.83486 


.86318 


.97168 


.02832 


52 


8 


.84282 


.85596 


.98686 


.01314 


52 


9 


.83500 


.86306 


.97193 


.02807 


51 


9 


.84295 


.85583 


.98711 


.01289 


51 


10 


•83513 


.86295 


.97219 


.02781 


50 


10 


.84308 


.85571 


.98737 


.01263 


60 


II 


.83527 


.86283 


.97244 


.02756 


49 


II 


.84321 


•85559 


.98762 


.01238 


49 


12 


.83540 


.86271 


.97269 


.02731 


48 


12 


.84334 


•85547 


•98787 


.01213 


48 


13 


.83554 


.86259 


.97295 


.02705 


47 


13 


.84347 


.85534 


.98812 


.01188 


47 


14 


.83567 


.86247 


.97320 


.02680 


46 


14 


.84360 


.85522 


.98838 


.01162 


46 


15 


.83581 


.86235 


.97345 


.02655 


45 


15 


.84373 


.85510 




.01137 


45 


16 


.83594 


.86223 


•97371 


.02629 


44 


16 


.84385 




.98888 


.01112 


44 


17 


.83608 


.86211 


.97396 


.02604 


43 


17 


.84398 


.85485 


•98913 


.01087 


43 


18 


.83621 


.86200 


.97421 


.02579 


42 


18 


.84411 


.85473 


.98939 


.01061 


42 


19 


.83634 


.86188 


.97447 


.02553 


41 


19 


.84424 


.85460 


.98964 


.01036 


41 


20 


.83648 


.86176 


.97472 


.02528 


40 


20 


.84437 


.85448 


.98989 


.01011 


40 


21 


.83661 


.86164 


.97497 


.02503 


39 


21 


.84450 


.85436 


.99015 


.00985 


39 


22 


.83674 


.86152 


.97523 


.02477 


38 


22 


.84463 


.85423 


.99040 


.00960 


38 


23 


.83688 


.86x40 


.97548 


.02452 


37 


23 


.84476 


.854" 


.99065 


.00935 


37 


24 


.83701 


.86128 


.97573 


.02427 


36 


24 


.84489 


.85399 


.99090 


.00910 


36 


25 


.83715 


.86116 


.97598 


.02402 


35 




.84502 


.85386 


.99116 


.00884 


35 


26 


.83728 


.86104 


.97624 


.02376 


34 


26 


'84528 


.85374 


.99141 


.00859 


34 


27 


.83741 


.86092 


.97649 


.02351 


33 


27 


.85361 


.99166 


.00834 


33 


28 


.83755 


.86080 


.97674 


.02326 


32 


28 


•84540 


.85349 


.99191 


.00809 


32 


39 


.83768 


.86068 


.97700 


.02300 


31 


29 


.84553 


.85337 


.99217 


.00783 


31 


30 


.83781 


.86056 


.97725 


.02275 


30 


30 


.84566 


.85324 


.99242 


.00758 


30 


31 


.83795 


.86044 


•97750 


.02250 


29 


31 


.84579 


.85312 


.99267 


.00733 


29 


32 


.83808 


.86032 .97776 


.02224 


28 


32 


.84592 


.85299 


.99293 


.00707 


28 


33 


.83821 


.86020 


.97801 


.02199 


27 


33 


.84605 


.85287 


.99318 


.00682 


27 


34 


.83834 


.86008 


.97826 


.02174 


26 


34 


.84618 


.85274 


.99343 


.00657 


26 




.83848 


.85996 


.97851 


.02149 


25 


35 


.84630 


.85262 


.99368 


.0063a 


25 


36 


.83861 


.85984 


.97877 


.02123 


24 


36 


.84643 


.85250 


.99394 


.00606 


24 


37 


.83874 


.85972 


.97902 


.02098 


23 




.84656 


.85237 


.99419 


.00581 


23 


38 


.83887 


.85960 


.97927 


.02073 


22 


38 


.84669 


.85225 


.99444 


.00556 


22 


39 


.83901 


.85948 


.97953 


.02047 


21 


39 


.84682 


.85212 


.99469 


.00531 


21 


40 


.83914 


.85936 


.97978 


.02022 


20 


40 


.84694 


.85200 


.99495 


.00505 


20 


41 


.83927 


.85924 


.98003 


.01997 


19 


41 


.84707 


.85187 


.99520 


.00480 


19 


42 


.83940 


.85912 


.98029 


.01971 


18 


42 


.84720 


.85175 


.99545 


.00455 


18 


43 


.83954 


.85900 


.98054 


.01946 


17 


43 


•84733 


.85162 


.99570 


.00430 


17 


44 


.83967 


.85888 


.98079 


.01921 


16 


44 


.84745 


.85150 


.99596 


.00404 


16 


45 


.83980 


.85876 


.98104 


.01896 


15 


45 


.84758 


.85137 


.99621 


•00379 


15 


46 


.83993 


.85864 


.98130 


.01870 


14 


46 


.84771 


.85125 


.99646 


•00354 


14 


47 


.84006 


.85851 


.98155 


.01845 


13 


47 


.84784 


.85112 


.99672 


.00328 


13 


48 


.84020 


.85839 


.98180 


.01820 


12 


48 


.84796 


.85100 


.99697 


.00303 


12 


49 


.84033 


.85827 


.98206 


.01794 


II 


49 


.84809 


.85087 


.99722 


.00278 


II 


50 


.84046 


.85815 


.98231 


.01769 


10 


60 


.84822 


.85074 


.99747 


.00253 


10 


51 


.84059 


.85803 


.98256 


.01744 


9 


51 


•84835 


.85062 


.99773 


.00227 


9 


52 


.84072 


.85791 


.98281 


.01719 


8 


52 


.84847 


.85049 


.99798 


.00202 


8 


53 


.84085 


.85779 


.98307 


.01693 


7 


53 


.84860 


.85037 


.99823 


.00177 


7 


54 


.84098 


.85766 


.98332 


.01668 


6 


54 


.84873 


.85024 


.99848 


.00152 


6 




.84112 


.85754 


.98357 .01643 


S 


55 


.84885 


.85012 


•99874 


.00126 


S 


56 


.84125 


.85742 


•98383 


.01617 


4 


56 


.84898 


•84999 


.99899 


.00101 


4 


57 


.84138 


•85730 


.98408 


.01592 


3 


57 


.84911 


.84986 


.99924 


.00076 


3 


58 


.84151 


.85718 .98433 


.01567 


2 


58 


.84923 


.84974 


•99949 


.00051 


2 


59 


.84164 


.85706 


.98458 


.01542 


I 


59 


.84936 


.8496i».99976 


.00025 


I 


60 


.84177 


.85693 


.98484 


.01516 





60 


.84949 


.84949 


.00000 


.00000 





/ 


9 008 


9 8ill 


9oot 


10 tan 


f 


/ 


9 008 


98in 


lOoot 


10 tan 


9 



A& 



45^ 



TABLE m. 

NATURAL SINES, COSINES, TANGENTS, AND 
COTANGENTS. 

AT INTERVALS 

or 6' from 0° to 3° and 87° to 90°, 
Of 10' from 8° to 87°. 





0° to 2° 






2^ to 5 









sin 


008 tan Oct 






sin 


00s tan 


cot 







.000000 


i.ooooo .00000 00 


90° 


2° 


.03490 


.99939 .03492 


28.636 


88° 


s; 


1454 


1.00000 145 687.55 


5S! 


5' 


635 


934 638 


27.490 


55' 


lo' 


2909 


1.00000 291 343-77 


50' 


10' 


781 


929 783 26.432 


50' 


's; 


4363 


0.99999 436 229.18 


45 


15' 


.03926 


923 .03929 


25.452 


45 


20' 


5818 


998 582 171.89 


40' 


20' 


.04071 


917 .04075 


24.542 


40' 


as' 


7272 


997 727 137.51 


35' 


25' 


217 


911 220 


23-695 


35' 


3o' 


.008727 


996 .00873 114.59 


30' 


30' 


362 


905 366 


22.904 


30; 


35 


.010181 


995 .01018 98.218 


25 


35 


507 


898 512 


22.164 


25 


40' 


1635 


993 164 85.940 


20' 


40 


653 


892 658 


21.470 


20' 


45 


3090 


991 309 76.390 


15' 


45 


798 


885' 803 


20.819 


's! 


50 


4544 


989 455 68.750 


10' 


50' 


.04943 


878 949 


20.206 


10 


55' 


5998 


987 600 62499 


5' 


55' 


.05088 


870 .05095 


19.627 


5' 


1° 


.017452 


.99985 .01746 57.290 


89° 


3° 


.05234 


.99863 .05241 


19.081 


87° 


5' 


.01891 


982 .01891 52.882 


55' 


10' 


524 


847 533 


18.075 


5°! 


10' 


.02036 


979 .02036 49.104 


50' 


20' 


.05814 


831 .05824 


17.169 


40' 


15' 


181 


976 182 45.829 


45' 


30' 


.06105 


813 .06116 


16.350 


30 


20' 


327 


973 328 42.964 


40' 


40' 


395 


795 408 


15.605 


20 


25' 


472 


969 473 40436 


35' 


50 


685 


776 700 


14.924 


lo' 


30' 


618 


966 619 38.188 


30' 


4° 


.06976 


.99756 .06993 


14.301 


86° 


35 


763 


962 764 36.178 


25' 


10' 


.07266 


736 .07285 


13.727 


5°; 


40 


.02908 


958 .02910 34.368 


20 


20' 


556 


714 578 


13.197 


40 


45' 


.03054 


953 -03055 32.730 


15' 


30' 


.07846 


692 .07870 


12.706 


30' 


50 


199 


949 201 31.242 


10' 


40' 


.08136 


668 .08163 


12.251 


20' 


55 


345 


944 346 29.882 


5' 


50' 


426 


644 456 


11.826 


10' 


20 


.03490 


.99939 .03492 28.636 


88° 


6° 


.08716 


.99619 .08749 


11430 


85° 




008 


sin oot tan 






C08 


sin oot 


tan 





88° to 90° 



85° to 88*= 



6o 


5^ to 15^ 






15° to 25° 






sin 008 tan oot 






sin 008 tan 


oot 




5° 


.08716 .99619 .08749 11.430 


86° 


16° 


.25882 .96593 .26795 


3.7321 


76° 


lo' 


.09005 .99594 .09042 ".059 


50' 


10' 


.26163 517 .27107 


.6891 


50' 


20' 


295 567 335 10.712 


40' 


20' 


443 440 419 


.6470 


40' 


3°; 


585 540 629 .385 


30' 


30' 


.26724 363 .27732 


.6059 


30' 


40 


.09874 511 .09923 10.078 


20' 


40' 


.27004 285 .28046 


.5656 


20' 


50 


.10164 482 .10216 9.7882 


10' 


50' 


284 206 360 


.5261 


10' 


6° 


.10453 .99452 .10510 9.5144 


84° 


16° 


.27564 .96126 .28675 3.4874 


74° 


10' 


.10742 421 .10805 -2553 


50' 


10' 


.27843 .96046 .28990 


.4495 


50' 


20' 


.11031 390 .11099 9.0098 


40' 


20' 


.28123 .95964 .29305 


4124 


40' 


30' 


320 357 394 8.7769 


30' 


30' 


402 882 621 


.3759 


30' 


40' 


609 324 688 .5555 


20 


40' 


680 799 .29938 


.3402 


20' 


50' 


.11898 290 .11983 .3450 


10' 


50' 


.28959 715 .30255 


.3052 


10' 


7° 


.12187 .99255 .12278 8.1443 


83° 


17° 


.29237 .95630 .30573 


3.2709 


73° 


10' 


476 219 574 7.9530 


5°; 


10' 


515 545 .30891 


.2371 


50' 


20' 


.12764 182 .12869 .7704 


40 


20' 


.29793 459 .31210 


.2041 


40' 


30' 


.13053 144 .13165 .5958 


30; 


30' 


.30071 372 530 


.1716 


30 


40' 


341 106 461 u^zSj 


20 


40' 


348 284 .31850 


.1397 


20 


50' 


629 067 .13758 .2687 


10' 


50' 


625 195 .32171 


.1084 


10' 


SO 


.13917 .99027 .14054 7.1154 


82° 


18° 


.30902 .95106 .32492 


3.0777 


72° 


10' 


.14205 .98986 351 6.9682 


so' 


10' 


.31178 .95015 .32814 


.0475 


50' 


20' 


493 944 648 .8269 


40' 


20' 


454 .94924 .33136 3.0178 I 


40' 


30' 


.14781 902 .14945 .6912 


30' 


30' 


.31730 832 460 


2.9887 


30' 


40' 


.15069 858 .15243 .5606 


20' 


40' 


.32006 740 .33783 


.9600 


20' 


50' 


356 814 540 4348 


10' 


50' 


282 646 .34108 


.9319 


10' 


9° 


.15643 .98769 .15838 6.3138 


81° 


19° 


.32557 .94552 .34433 


2.9042 


71° 


10' 


.15931 723 .16137 .1970 


50' 


10' 


.32832 457 .34758 


.8770 


50' 


20' 


.16218 676 435 6.0844 


40' 


20' 


.33106 361 .35085 


.8502 


40' 


30' 


505 629 .16734 5.9758 
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PRESS NOTICES. 

"A very useful book for the practical computer." — American 
Mathematical Monthly, 

"The aim of this book, as the author states in his preface, is to 
provide a method by which the student or engineer who has com- 
putations to make can economize time and labor through an intelligent 
command of his use of figures, and to decide at a glance what num- 
ber of places is sufficient for the purpose in hand. One half of the 
time expended in computations is wasted through the use of an ex- 
cessive number of places of figures, and through failure to employ 
logarithms. The author's purpose is to enable this waste to be 
avoided by following a few simple computation rules. . . . The rules 
are very simple and direct, and were evidently prepared with the 
view of their being easily retained in the memory, and to aid in 
fixing them in the mind the principal portions of the rules are 
printed in bold-face type. . . . The tables are very well arranged 
and are exceedingly convenient, as it would appear from an experi- 
ment with them. . . . The book is well arranged and well bound, 
and the letter press is excellent. The paper is extra heavy and 
well suited to the purpose." — Railway Review, 
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PRESS NOTICES. 

" In the Elementary Algebra, we are treated to a good book made better. Hall 
and Knight^s works have been and are extensively used in England, and not a little in 
America, and their popularity is well deserved. They supply a need in the way of 
text-books pitched a degree higher than the ordinary run of school literature. They 
are books that make students think, and hence this revision should be well received 
in this country." — School Review, 

" We will not say that this is the best Elementary Algebra for school use that we 
have come across, but we can say that we do not remember to have seen a better. ... // 
is the outcome of a long experience of school-teachingt and so is a thoroughly practical 
book. All others that we have in our eye are the works of men who have had con- 
siderable experience with senior and junior students at the universities, but have had 
little, if any, acquaintance with the poor creatures who are just stumbling over the 
threshold of algebra. . . . Buy or borrow the book for yourselves and judge." — 
Academy. 
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" Although elementary, the work is so much superior to several popular American 
text-books for beginners that it is hoped that it may find a place in our schools." — 
The School Review, 

" A very complete treatise on the elements of algebra as taught in our schools. . . . 
The special aim of the book seems to be to bring out the principles as they are to be 
applied in scientific work. This edition is an improvement on the English one, which 
is itself a most excellent book." — The Critic, 

" This work deserves high rank as a text-book on algebra. It is one of the sim- 
plest yet one of the most thorough works on elementary algebra." — Notre Dame 
Scholastic, 

**A very concise and complete treatise." — Journal of Education, 
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